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a b s t r a c t

In this work we have performed calculations for the J coupling and chemical shifts of carbon-based nano-
structures for NMR quantum computing. The systems postulated are finite carbon nanotubes and finite
graphene nanoribbons enriched with 13C atoms and finished on the edges with hydrogen atoms. The
nuclear spins of 13C and hydrogen are considered as qubits, in order to make calculations of quantum
computing. We have determined the electronic properties of our proposed systems using first-principles
calculations. From these results we have identified the most relevant NMR parameters that characterize
the different systems, by using the theory of double perturbation to first order in the energy of the mol-
ecules studied.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

The physical implementation of quantum computing is a very
attractive topic to research due to the possibility of solving multi-
ple computing problems which cannot be solved with classical dig-
ital computers [1]. Since the use of the nuclear spin in quantum
computing was proposed [2], it led to the problem of how to use
an array of nuclei at room temperature, and also how to determine
the type of algorithms to be used in order to obtain outlet readings
with this array. This problem was solved by preparing the system
in effectively pure states [3] and adding classical steps to process
the information [4]. Several experimental works have reported sig-
nificant advancements using these techniques in the development
of quantum computing [5,6]. Besides, some NMR studies on mole-
cules in liquid phases and the use of well-known quantum algo-
rithms on a small number of qubits have been published by
different research teams [7–10]. There are studies reporting quan-
tum information processes using NMR on solid state samples [11],
and also studies of quantum computing with carbon nanostruc-
tures [12].

After the discovery of the molecule of fullerene [13], new car-
bon-based structures have been synthesized and characterized.
The magnetic, transport and optical properties of these nanostruc-
tures have been intensively studied [14,15]. In particular, the devel-
opment of the techniques of synthesis and characterization of
nanotubes has allowed the study of their physical properties and
their dependence with its structural parameters [16,17]. Recently,
several groups have reported measurement of NMR in carbon
nanotubes [18].
ll rights reserved.
This Letter presents a study on J couplings and chemical shifts
for quantum computing on finite CNTs and finite graphene nano-
ribbons, enriched with atoms of 13C and passivated with hydrogen
atoms. The qubits correspond to the nuclear spins of these atoms.
In contrast with NMR experiments with other molecules, in these
systems the concentration of isotopes and the number of qubits
on a region of the nanotube or nanoribbon can be manipulated.

2. Mathematical model of nuclear spins

When quantum computing is performed with NMR, we are
working with an array of systems which initial state can be repre-
sented by the density matrix:

q ¼ e�bH

Z
; ð1Þ

where Z ¼ trðe�bHÞ is the partition function, with b ¼ 1=kBT. At room
temperature we can use the approximation valid for n spins:

q � 2�n 1� bH½ �: ð2Þ

The Hamiltonian representing n nuclear spins, usually of differ-
ent atoms, can be written:

H ¼ Hcs þ HJ þ Hrf þ HD þ Henv : ð3Þ

The first term represents the interaction of spins with the static
magnetic field, incorporating the chemical shift. This term has the
following form:

Hcs ¼ �lT Bext ð4Þ

with

lT ¼
X

i

li 1� rið Þ;
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where ri is the ‘nuclear shielding tensor’, and the nuclear magnetic
dipole moments are given by li ¼ ci�hIi, with ci are the giromagnetic
ratios and Ii the nuclear spin angular momentum operators.

For a liquid sample, the main axis of the ellipsoid which repre-
sents the anisotropy of the chemical shift can be aligned with the
rotation axis. With this procedure, the anisotropy can be reduced
and we can write the term Hcs as a function of the values of the iso-
tropic Larmor frequencies xi:

Hcs ¼
X

i

lið1� riÞ
2

¼
X

i

�hxi

2
Zi; ð5Þ

where Zi is the Pauli matrix for the nuclei i.
The HJ term represents the indirect interaction between spins:

HJ ¼
X

i;j

liKijlj; ð6Þ

where Kij is the ‘indirect reduced coupling tensor’ for nucleus i and j.
The relationship between this tensor and the physical quantity Jij

which is measured in the experiments is: Jij ¼ �h
2p cicjKij.

The spin direct dipolar interaction can be written:

HD ¼
X

i;j

cicj�h
4r3 Ii � Ij � 3 Ii � bn� �

Ij � bn� �� �
: ð7Þ

Here r is the internuclear distance, the bn vector points in the direc-
tion of the line joining the nuclei. If the sample is considered liquid,
this dipolar interaction is negligible.

The radio-frequency term can be written as follow:

Hrf ¼
X

i

C Xi cos xrf t
� �

þ Yi sin xrf t
� �� �

; ð8Þ

where the constant C depends on the magnitude of the amplitude of
the radio-frequency electromagnetic field which rotates at xrf , and
Xi;Yi are the Pauli matrices.

Finally, the last term of Eq. (3) represents the interaction of the
spins with the environment. Different experimental techniques
have been used to measure the decoherence times. In our study
we consider operations before losing the coherence, for this reason,
from now ahead we will neglect the term Henv . Therefore, the Ham-
iltonian can be written as follows:

H ¼
X

i

�hxi

2
Zi þ

X
i;j

2p
�h
ðcicjÞ

�1
liJijlj

þ
X

i

C Xi cos xrf t
� �

þ Yi sin xrf t
� �� �

: ð9Þ
Fig. 1. Chemical shifts relative to the value for tetramethylsilane (TMS) computed
at the same level of theory for each GND showed at the right hand side of the figure.
3. Systems characterization and quantum computation

3.1. Graphene nanodots

In this section we study graphene nanodots (GNDs) which are
graphene nanoribbons of finite size. In fact, these small ribbons cor-
respond to aromatic molecules such as C20H12;C28H14;C36H16;

C44H18;C30H16, and C40H20, which we will denote like DotðnmÞ,
where n represents the number of carbon atoms passivated with
hydrogen atoms along one of the armchair edges of the ribbon
and m, the number of carbon atoms passivated with hydrogen
atoms along one of the zig-zag edges of the ribbon [19]. These GNDs
are shown at the right side of Fig. 1.

To determine the parameters NMR, we first optimize the geom-
etry of the system postulated by means of the method ‘quasi New-
ton approach’ [20] then, we calculate the total energy of the system
using first-principles calculations based on the density functional
GGA Becke–Perdew [21,22]. We use Slater type orbitals and double
zeta polarized basis (DZP), by using the ADF software [23]. Finally,



Fig. 2. The three types of non-equivalent edge carbon atoms and their first nearest
neighbors. A: armchair, Z: zig-zag, C: corner, X: armchair first neighbor, and Y: zig-
zag first neighbor.

Fig. 3. NMR spectrum of the hydrogen in the molecule DOT45.
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the shielding and indirect coupling tensors for the molecule are ob-
tained as double first-order perturbations of the total energy
E ¼ hWjHjWi of the molecule [24].

Fig. 1 shows the results reported as chemical shifts relative to
the value for tetramethylsilane (TMS) computed at the same level
of theory.

In these nanodots it is possible to distinguish three types of
topologically inequivalent hydrogen atoms. One hydrogen bonded
to a carbon atom settle along an armchair edge, one hydrogen
bonded to a carbon along a zig-zag edge and one hydrogen bonded
to a carbon at the corner of the ribbon. Respecting to the values of
the chemical shift, our results show that the corner hydrogen
atoms are equivalent to those of the zig-zag edge. This behaviour
is the same for all the six studied GNDs. In the case of the carbon
atoms of the edges, the chemical shifts are different for the three
inequivalent atoms. The calculated mean values of the coupling
constant J between an hydrogen atom and the three type of nearest
carbon atoms are displayed in Table 1, for the six nanostructures
considered. There JA means coupling along the armchair edge, JZ

along the zig-zag edge, and JC corresponds to coupling at the
corner.

We can appreciate that, except for the smallest structure
DOT42, for all GNDs having more zig-zag edges than armchair
edges, the J couplings between the hydrogen and carbon atoms
are all different. Otherwise, in GNDs with mostly armchair edges,
the J couplings with corner atoms or with zig-zag atoms is almost
the same.

Our results also indicate that the edge carbon atoms are coupled
to their nearest neighbors internal carbon atoms. In the quantum
computation processes, for what we are postulating these struc-
tures, we will disconnect the internal atoms and we will only work
with the hydrogen atoms and with the carbon atoms of the edges.
To achieve the disconnection we must identify the chemical shifts
of the internal carbon atoms and the value of the J couplings be-
tween them and those in the edges. We found that the chemical
shifts of the carbon atoms of the six structures considered present
similar patterns. The GNDs with mostly zig-zag edges present shar-
per resonances for signal control effects of the carbon atoms.

As an example of the followed procedure to obtain the Hamilto-
nian of the system, we will consider the case of the DOT45 shown
in Fig. 2. There we have labeled the three types of inequivalent car-
bon atoms and their firsts nearest neighbors. A: armchair, Z: zig-
zag, C: corner, X: first neighbor armchair, Y: first neighbor zig-
zag. In Fig. 3 it is shown the 1H NMR spectrum and in Fig. 4 the cor-
responding 13C NMR spectrum for the molecule DOT45, for a mag-
netic field of the 18.6 (T).

We found the following values for the J coupling between the
edge carbon atoms and their first neighbors: JZ—Y ¼ 46:4 Hz;
JA—X ¼ 50:0 Hz; JZ—C ¼ 45:4 Hz; JA—C ¼ 42:0 Hz. With the knowl-
edge of the resonance positions of the neighboring edge atoms
and the J coupling constants, it is possible to remove the effect of
these couplings by means of refocusing techniques. By other hand,
the atoms located far away from the edges are uncoupled of the
edge atoms, and their chemical shifts correspond to different fre-
Table 1
J couplings between H and the inequivalent edge 13C in GNDs.

JA

ðHzÞ
JZ

ðHzÞ
JC

ðHzÞ

Dot42 157.2 163.3 163.2
Dot43 154.1 158.0 160.6
Dot44 154.7 157.3 160.8
Dot45 154.6 158.2 160.7
Dot62 153.9 160.3 160.5
Dot82 153.8 160.3 160.5
quency values. Therefore, we can implement a system of five qu-
bits (two inequivalent hydrogens and three inequivalent carbon
edge atoms) with three different J couplings given by: JA; JZ and
JC). The Hamiltonian of this system can be written as:

H ¼ �h
2

X5

j¼1

xjZj þ
p�h
2

X
i<k

JikZiZk: ð10Þ

Once the Hamiltonian has been obtained we can applied standard
pulses control techniques to our system for obtaining the universal



Fig. 4. 13C NMR spectrum of the carbon in the molecule DOT45.

Fig. 5. Chemical shifts relative to the value of tetramethylsilane (TMS) and scheme
of finite nanotubes.
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unitary operations. The number of qubits can be modified by means
of refocusing operations [25].

3.2. Finite carbon nanotubes

The second system under study is a set of finite armchair and zig-
zag carbon nanotubes, enriched with 13C atoms and passivated with
hydrogen atoms. The methodology to determine the NMR parame-
ters is the same that we adopted in the last section, for the GNDs. In
Fig. 5 we show the chemical shifts for six of these nanotubes, calcu-
lated relative to the TMS molecule. The labeling adopted in this case
is NTnml, where (n,m) correspond to the indexes of the CNT and the
last number l, is proportional to the tube length.

Our calculations show that in the case of finite nanotubes only
one signal is registered corresponding to the hydrogen atoms, but
multiples signals are registered from the carbon atoms. A remark-
able result is the clear signal for the carbon atoms obtained for
CNTs as compared with the GNDs. Therefore we may infer that
the control for the quantum information processes would be much
more efficient in CNTs. We can have systems formed by 3, 4 or 5
qubits depending of the number of carbon atoms considered.

We show in Fig. 6 the detailed spectra for the three (3,3) arm-
chair CNTs, NT333, NT334 and NT335, for a magnetic field corre-
sponding to 9.32 (T). We can observe that the number of peaks
in the spectrum coincides with the inequivalent carbon atoms
along the nanotube sections. Moreover, the position of the peak
corresponding to an edge atom (E), changes with the tube length.
The same occurs with the first (V1) or second (V2) neighboring
atoms. A similar behaviour is displayed by the wider armchair
(4,4) and zig-zag (3,0) CNTs. The corresponding 13C spectra for
these systems are showed in Figs. 7 and 8, respectively.

Although the studied systems are small molecules we can get
important conclusions valid for single-walled CNts of greater
diameters. In Table 2 we show the calculated J coupling between
the hydrogens and the edge carbon atoms. We also found that
the coupling between the carbon atoms of the edges is in the order
of 50 Hz for narrow armchair CNTs, and 47 Hz for wider armchair
CNTs. Besides, the couplings between carbon edge atoms and its
internal first neighboring atoms are in the order of 40 Hz, while
the corresponding coupling with its second neighboring atoms is
in the order of 1 Hz.
In Table 3 it is shown the position of the chemical shifts of the
hydrogen atoms in the six CNTs for 100 MHz. From these results
we deduce that we can have systems composed by three qubits



Fig. 6. NMR spectra of the inequivalent carbon atoms in the nanotubes NT333,
NT334 and NT335, registered at 9,32 (T).

Fig. 7. NMR spectra of the inequivalent carbon atoms in the nanotubes NT443 and
NT444 for a magnetic field of the 9,32 (T).

Fig. 8. NMR spectrum of the inequivalent carbon atoms in the nanotubes NT304
registered at 9,32 (T).
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for NT333 (hydrogen, edge carbon and internal carbon), and sys-
tems composed by 4, 5, or 6 qubits for others CNts, if we consider
the more internal atoms. Similarly to the case of the GNDs, we can
applied refocusing techniques to disconnect spines and for chang-
ing the number of qubits of the system. With the knowledge of the
NMR spectra and the coupling constants, it is possible to develop
universal quantum control operations.



Table 2
J couplings between H and edge 13C in finite carbon nanotubes.

Nanotube JCH

ðHzÞ

NT333 166.3
NT334 169.4
NT335 168.5
NT443 161.2
NT444 160.3
NT304 169.6

Table 3
Chemical shifts of finite carbon nanotubes.

Nanotube Chemical shifts
(Hz)

NT333 873
NT334 763
NT335 882
NT443 851
NT444 1318
NT304 666
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4. Summary and conclusions

In relation to the results obtained for the different system stud-
ied we can say that the graphene nanodots present a great advan-
tage from the point of view of the flexibility in achieving a variety
of different geometrical designs by means of lithographical tech-
niques [26]. However, in these systems the spectra for the carbon
atoms show relatively wide signals and it implies that the control
methodology must be optimized in order to obtain reliable results.
We believe that the continue advance in the experimental proto-
cols for the synthesis of these molecules will allow to control the
13C doping for a given desired architecture for quantum comput-
ing. By other hand, the finite CNTs presents very pure signals of
the hydrogen and carbon atoms, with a very good spectral resolu-
tion. This allows to expect high fidelity quantum control opera-
tions. The main disadvantage of the CNTs is the actual
experimental difficulty to synthesize samples with similar sizes
and diameters.

An important to mention that the decision of placing hydrogen
atoms at the edges of the carbon nanostructures has to be with the
possibility of identifying the inequivalent carbon atoms in the CNT.
We could passivate the ends of the tubes with other kind of atoms,
active or not for NMR, but this study will remain valid in relation to
the signals of the internal atoms. In addition we like to point out
that our results for the chemical shifts of (4,4) CNts show good
agreements with the theoretical results for CNTs reported by Bes-
ley et al. [27]. The comparison is only valid for the central atoms.

The most important contribution of this report is the calculation
of the indirect coupling constants between the nuclei for the stud-
ied nanostructures. The knowledge of these parameters allows to
implement the sequence of intervals of free evolution between
control pulses applied to the system.
This study leads to the conclusion that it is possible to develop
quantum operations using NMR in a carbon nanocluster. In these
systems it is possible to have a variable number of atoms with
nuclear spins and consequently a variable number of qubits in the
array. We now that the total signal decreases exponentially as the
number of qubits considered into an effective pure state using
labeling techniques, for constant initial state temperature. Methods
for circumventing the limitations of labeling techniques exist. One
possibility is to polarize the nuclei through some physical mecha-
nism. Another possibility is the use of a different labeling scheme.
An improved version of this method has been developed which
achieves the entropic limit. This scheme does not have any expo-
nential cost; the compression can be achieved using only a polyno-
mial number of basic operations [28].
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