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In this  work,  we  propose  a novel  feature  selection  approach  designed  to  deal  with  two  major  issues in
machine  learning,  namely  class-imbalance  and  high  dimensionality.  The  proposed  embedded  strategy
penalizes  the  cardinality  of  the  feature  set  via  the  scaling  factors  technique,  and  is used  with  two  sup-
port  vector  machine  (SVM)  formulations  designed  to deal  with  the class-imbalanced  problem,  namely
Cost  Sensitive  SVM,  and  Support  Vector  Data  Description.  The  proposed  concave  formulations  are  solved
eywords:
eature selection
upport Vector Data Description

via  a Quasi-Newton  update  and  Armijo  line  search.  We  performed  experiments  on  12  highly  imbal-
anced  microarray  datasets  using  linear  and  Gaussian  kernel,  achieving  the  highest  average  predictive
performance  with  our  approach  compared  with  the  most  well-known  feature  selection  strategies.

©  2018  Elsevier  B.V.  All  rights  reserved.
ost-sensitive learning
mbedded approaches

mbalanced data classification

. Introduction

Feature selection is an important machine learning topic, espe-
ially when facing class-imbalanced datasets [1,2]. Selecting the
elevant attributes improves the model’s generalization ability and
educes the risk of overfitting, which is higher in high-dimensional
omains [3,4].

Support vector machine (SVM) [5] is an effective supervized
ethod with appealing advantages such as adequate generaliza-

ion to new instances thanks to the structural risk minimization
rinciple, a single optimal solution, and a representation that
epends on few data points. However, SVM neither determines
he variables’ importance nor is it designed to deal with the class-
mbalance problem [6,7].

In this work, we propose a novel embedded strategy for SVM
lassification and feature selection which penalizes the use of
eatures via a concave approximation of the cardinality of the
caling factors. The approach is based on two SVM models for
kewed class distribution: Support Vector Data Description (SVDD)
8] and Cost-Sensitive SVM (CS-SVM) [9]. The formulations are

olved via a two-step iterative strategy: first, SVDD or CS-SVM is
olved to obtain a linear or nonlinear classifier without feature
enalization, while a concave problem for feature penalization is

∗ Corresponding author.
E-mail addresses: smaldonado@uandes.cl (S. Maldonado), julio.lopez@udp.cl

J. López).

ttps://doi.org/10.1016/j.asoc.2018.02.051
568-4946/© 2018 Elsevier B.V. All rights reserved.
subsequently defined and solved by updating the scaling factors
using a Quasi-Newton strategy and Armijo line search. The main
contribution of our method is the novel embedded feature selection
formulation specially tailored for dealing with high-dimensionality
under a class-imbalance condition. These two  issues have received
increasing attention in the machine learning literature, but they
have not been studied together under an embedded feature selec-
tion framework based on feature penalization, to the best of our
knowledge. A second contribution is the state-of-the-art optimiza-
tion scheme; a projected Quasi-Newton gradient descent strategy
(Powell’s damped BFGS secant) for efficient convergence.

This paper is structured as follows. Section 2 introduces the
class-imbalance problem and presents the two  SVM-based formu-
lations that are relevant for this work. Recent developments for
feature selection are reviewed in Section 3. The proposed feature
selection approach is presented in Section 4. Section 5 provides
experimental results using real-world datasets. A summary of this
paper can be found in Section 6, where we provide its main con-
clusions and also address future developments.

2. The imbalanced data classification problem

The class-imbalance problem arises when datasets exhibit
significant, and in some cases extreme, imbalances. When this sit-

uation occurs, traditional classifiers such as SVM tend to generate
a trivial model by predicting every instance in the majority class
[10]. This issue has been considered one of the main trends in
data mining in the last decade [11]. Four families of methods have

https://doi.org/10.1016/j.asoc.2018.02.051
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2018.02.051&domain=pdf
mailto:smaldonado@uandes.cl
mailto:julio.lopez@udp.cl
https://doi.org/10.1016/j.asoc.2018.02.051
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een proposed to treat this problem: Resampling, Cost-Sensitive
earning, One Class Learning, and Feature Selection [12,6]. Next we
riefly describe the first three strategies, while feature selection is
ubsequently described in Section 3.

.1. Data resampling

Data resampling rebalances a dataset artificially by construct-
ng a training set in which all classes can be shattered adequately
y standard classification approaches. The two most intuitive
esampling approaches are random undersampling and random
versampling. While the first approach discards examples from the
ajority class randomly, the latter duplicates randomly selected

nstances of the minority class [12,13].
Some proposed intelligent oversampling methods can be found

n the literature. Instead of simply duplicating cases from the
inority class, SMOTE [14] generates new examples by interpo-

ating the pre-existing minority examples.

.2. Cost-Sensitive learning and CS-SVM

A disadvantage of data resampling is that either approach
escribed above removes potentially relevant information (under-
ampling) or adds new artificially-generated information that may
ead to overfitting and/or increase running times [15]. To avoid such
roblems, classification methods can also be trained from imbal-
nced datasets directly via cost-sensitive learning.

Cost-sensitive techniques incorporate misclassification costs in
he training process. We  define C− as the cost of misclassifying a

ajority class example as a minority one, and C+ as the cost of
isclassification in the target class, which is usually higher, i.e.,

+ > C−.
There are several cost-sensitive learning approaches. Some of

hem include cost-sensitive adjustment of different classification
echniques, which can be applied to the decision threshold or by

odifying their formulations [7]. For SVM, the total misclassifica-
ion cost C

∑m
i=1�i can be divided into two expressions, one for each

lass, leading to the Cost-Sensitive SVM (CS-SVM) formulation:

min
w,b,�

1
2

‖w‖2 + C+
∑
i ∈ I+

�i + C−
∑
i ∈ I−

�i

s.t. yi · (w�xi + b) ≥ 1 − �i, i = 1, . . .,  m,

�i ≥ 0, i = 1, . . .,  m,

(1)

where I+ and I− correspond to the sets of positive and nega-
ive instances, respectively [9,16]. Some implementations, like the
ne used in this work, define C+ = C and C− = w−C, where w− = 1
ecovers the standard SVM formulation.

.3. One-Class Learning

One-Class Learning techniques usually perform model training
ith only the target class in order to construct a description of the

ata [8,17]. Originally designed for outlier detection [18], some
pproaches have been proposed to deal with the class-imbalance

roblem. One of these approaches was developed by Tax and Duin,
amely, Support Vector Data Description (SVDD) [8]. SVDD finds

 sphere that contains most of the training points but with mini-
um  volume. Similar to SVM, slack variables � are introduced to
Computing 67 (2018) 94–105 95

avoid large spheres that may  not represent the data very well. The
formulation of SVDD in its dual version follows:

max
˛

m∑
i=1

˛iK(xi, xi) −
m∑
i,s=1

˛i˛sK(xi, xs)

s.t.
m∑
i=1

˛i = 1,

0 ≤ ˛i ≤ C, i = 1, . . .,  m,

(2)

where K : Rn × Rn → R  is a kernel function satisfying Mercer’s
condition [19].

Problem (2) is equivalent to minimizing the distance from the
center of the sphere to any of the support vectors on the bound-
ary while assuring that almost all objects are in the sphere. When
examples of the minority class are available, which is the case in
class-imbalance classification, they can be incorporated into the
formulation in a similar fashion as CS-SVM: the total cost C

∑m
i=1�i

is divided into two expressions, one for each class, requiring that
most outliers (in our case the elements of the minority class) fall
outside the boundary defined by the sphere.

The parameter C is user-defined and controls the trade-off
between the number of data points included in the sphere and
its volume. This parameter is defined as C = 1

mr , where m is the
total number of training points and r the proportion of outliers in
the solution, which is usually set via cross-validation in the model
selection process [6,8].

3. Feature Selection for SVM under class-imbalance

In this section, we  discuss recent developments for feature
selection and class-imbalanced classification, describing the fea-
ture selection methods that are relevant for this work.

Resampling techniques and/or cost-sensitive learning have
been used jointly with filter methods for feature selection in class-
imbalanced datasets [20–23]. Some filter approaches do not require
any adaptation to be suitable for the class-imbalance problem. One
example is the Fisher Score which computes the means and stan-
dard deviations for both classes independently, and, therefore, does
not become negatively affected when the class distribution is too
skewed [24]. This measure has the following form:

F(j) =
∣∣∣∣∣

�+
j

− �−
j

(�+
j

)2 + (�−
j

)2

∣∣∣∣∣ , (3)

where �+
j

(�−
j

) is the mean for the jth variable in the positive

(negative) class and �+
j

(�−
j

) is the respective standard deviation.
This approach can be used before the learning task to identify
and select the relevant variables, while resampling and/or cost-
sensitive learning can be used subsequently for class-imbalance
classification. Alternatively, some filter methods have been pro-
posed to deal with the class-imbalance problem. FAST [25] filters
out irrelevant variables by computing the AUC of each attribute,
removing those with values close to 0.5. DBFS [26] follows a similar
idea, although it uses Information Gain as the contribution measure
instead of AUC.

Recursive Feature Elimination SVM (RFE-SVM) is a popular SVM-
based approach proposed by Guyon et al. [27], in which a backward
elimination procedure is performed to remove those variables
whose elimination leads to the largest margin of class separation.
This approach can be easily adapted for class-imbalance classifica-

tion by using CS-SVM (Formulation (1)) instead of the traditional
soft-margin SVM.

Following the notation used by Song et al. [28], we denote the set
of available features by S, initialized as the full set of variables, and
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he subset of variables to be removed from S at each iteration by I.
he final number of selected attributes r needs to be predefined a
riori; i.e., the stopping criterion is |S| = r. The RFE-SVM strategy is
resented in Algorithm 1.

lgorithm 1. Recursive Feature Elimination SVM Algorithm

: repeat
:  ̨ ←− SVM Training on S
: I ←− argmin

I

∑
p  ∈ I

|W2(˛) − W2
(−p)

(˛)|, I ⊂ S

:  S ←− S\I
: until |S| = r.

At each iteration, the RFE-SVM algorithm eliminates a subset I
f variables whose removal minimizes the variation of W2(˛). This
easure corresponds to the Euclidean norm of the weight vector

 written in terms of the dual variables of the SVM model, and is
nversely proportional to the margin of the classifier. The measure

2
(−p)(˛) is equivalent to W2(˛) with the only difference being that

ttribute p is removed from each training object. The contribution
easure W2(˛) is given by:

2(˛) =
m∑
i,s=1

˛i˛syiysK(xi, xs). (4)

The RFE-SVM method can be also extended to Support Vector
ata Description [29]. In this work, the authors developed two con-

ribution metrics for the RFE-SVM algorithm based on SVDD: the
ize of the boundary (SVDD-Radius-RFE Criterion Function) and
he objective function of Problem (2) (SVDD-Dual-Objective-RFE
riterion Function).

A feature selection strategy was proposed in [6] to deal with the
lass-imbalance problem during the elimination process. Similar
o RFE-SVM, the BFE-SVMbl algorithm follows a backward elimina-
ion strategy, but the balanced loss function is used as contribution

easure instead of the margin. The balanced loss computes the
eighted average of Type I and Type II errors. Let T+ and T− be

he training sets containing the positive and negative instances,
espectively. The balanced loss for a given feature j ∈ S, is defined
s:

LOSSbl((˛, b), S\{j},  T)  =
∑

s ∈ T−

∣∣ys − sgn
(∑

i ∈ T−˛iyiK(x(−j)
i
, x(−j)
s ) + b

)∣∣
|T−|

+
∑

s ∈ T+

∣∣ys − sgn
(∑

i ∈ T+˛iyiK(x(−j)
i
, x(−j)
s ) + b

)∣∣
|T+| ,

(5)

where |T+| and |T−| represent the number of positive and neg-
tive examples, respectively. The Backward Feature Elimination
VM algorithm based on balanced loss is described in Algorithm
.

lgorithm 2. BFE-SVM Algorithm based on balanced loss

: repeat
:  ̨ ←− SVM Training on S
: I ←− argmin

I

∑
j  ∈ I

LOSSbl(˛, S\{j}), I ⊂ S

:  S ←− S\I
: until |S| = r

Finally, an important feature selection method is the use of
he l1-norm or LASSO penalty instead of the l2-norm used in the
tandard SVM formulation. This modification provides good com-

romise between predictive performance and sparsity [30]. This
ethod can be extended to cost-sensitive learning by replacing

he Euclidean norm by the LASSO penalty in the CS-SVM formu-
ation. In this work, we use the l1-SVM formulation implemented
Computing 67 (2018) 94–105

in the LIBLINEAR toolbox [31], which uses the squared loss function
instead of the traditional hinge loss, as follows:

min
w,b,�

‖w‖1 + C+
∑
i ∈ I+

�2
i + C−

∑
i ∈ I−

�2
i

s.t. yi · (w�xi + b) ≥ 1 − �i, i = 1, . . .,  m,

�i ≥ 0, i = 1, . . .,  m,

(6)

where ‖·‖ 1 denotes the l1-norm.
The approaches Fisher Score, RFE-SVM, and BFE-SVMbl, and l1-

SVM are used as alternative strategies for benchmarking purposes,
in combination with CS-SVM and the resampling technique SMOTE.
As in our proposal, the first three strategies can be used with kernel-
based SVM, unlike most embedded approaches, and therefore were
chosen for comparison. The l1-SVM is also studied empirically for
completeness.

4. Proposed feature selection method for class-imbalance
datasets

In this section, an SVM-based approach for solving the class-
imbalance problem in high dimensional domains is presented. The
reasoning behind this approach is that we  can improve predic-
tive performance of SVM formulations designed to deal with highly
imbalanced data by eliminating those features that are irrelevant
for the solution. We  extend the ideas of KP-SVM [4] to SVDD and CS-
SVM, improving the optimization scheme presented in that work.

The methods proposed here attempt to optimize the scaling
factors incorporated in SVDD and CS-SVM while penalizing their
cardinality of non-zero elements via a concave approximation
of the zero norm. The anisotropic Gaussian kernel is introduced
Section 4.1. The penalized formulations for SVDD and CS-SVM
are presented in Sections 4.2 and 4.3, respectively. The proposed
Quasi-Newton-based optimization scheme for these formulations
is presented in Section 4.4.

4.1. The anisotropic Gaussian kernel

A kernel-based approach for feature penalization (Kernel-
Penalized SVM or KP-SVM) was proposed in [4]. Following a
strategy similar to the use of scaling factors [32–34], the widths
of an anisotropic Gaussian kernel � are updated via successive gra-
dient steps. This kernel function has the following form:

K(� ∗ xi, � ∗ xs) = exp

(
−||� ∗ xi − � ∗ xs||2

2

)
, (7)

where * is the component-wise vector product operator, which
is defined as a * b = (a1b1, . . .,  anbn) for two vectors a and b in Rn.
Originally developed for the standard soft-margin SVM formula-
tion, the KP-SVM method is extended to CS-SVM and SVDD in
this work, while the optimization scheme is improved via Quasi-
Newton and Armijo line search.

4.2. Kernel-Penalized SVDD formulation

In order to construct a penalized formulation for SVDD, we
introduce the vector of nonnegative scaling factors � to Formu-

lation (2) and add a penalization function f(�), which represents a
concave approximation of the cardinality of the non-zero scaling
factors, also known as the zero “norm”. Notice that this is not a
norm because the triangle inequality does not hold [30]. Based on



d Soft 

t
f

f

o
s
f
f
5
e
b

∑
t
w

4

w
d

s
o
p
t
p
S

o

S. Maldonado, J. López / Applie

he approximation proposed by Bradley and Mangasarian [30], this
unction has the following form:

 (�) = eT (e − exp(−ˇ�) =
n∑
j=1

[1 − exp
(
−ˇ�j

)
], (8)

where  ̌ = 5 is suggested in the literature [30] and e is a vector
f ones with the adequate dimension. It has been proven that the
mooth function (8) leads to an exact solution for the zero “norm”
or finite values of  ̌ [30]. A sensitivity analysis has been performed
or this parameter in some studies (see e.g. [4]), concluding that

 is an adequate value for the approximation and leads to good
mpirical results, although these results are not strongly influenced
y this parameter.

The KP-SVDD formulation follows:

min
˛,�

m∑
i,s=1

˛i˛sK(� ∗ xi, � ∗ xs) + C2f (�)

s.t.
m∑
i=1

˛i = 1,

0 ≤ ˛i ≤ C, i = 1, . . .,  m,

�j ≥ 0, j = 1, . . .,  n,

(9)

with C2 > 0. Notice that, for a Gaussian kernel, we have
m
i=1˛iK(xi, xi) = 0. This implies that the first term of Formula-

ion (2) can be removed, leading to a minimization problem. In this
ork we use only Gaussian kernels for SVDD.

.3. Kernel-Penalized CS-SVM formulation

Before presenting the Kernel-Penalized CS-SVM formulation,
e first describe the kernel version of CS-SVM, which results from

eriving the dual of Problem (1):

max
˛

m∑
i=1

˛i −
1
2

m∑
i,s=1

˛i˛syiysK(xi, xs)

s.t.
m∑
i=1

˛iyi = 0,

0 ≤ ˛i ≤ C+, i ∈ I+,

0 ≤ ˛i ≤ C−, i ∈ I−.

(10)

Note that the previous formulation is equivalent to the standard
oft-margin SVM, with the only difference being that the vector
f dual variables  ̨ is now upper-bounded by C+ and C− for the
ositive and negative instances, respectively. Our proposal involves
he inclusion of scaling factors � and the penalization function f(�)
resented in Eq. (8) to Formulation (10). The Kernel-penalized CS-
VM formulation (KP-CSSVM) follows:

max
˛,�

m∑
i=1

˛i −
1
2

m∑
i,s=1

˛i˛syiysK(� ∗ xi, � ∗ xs) − C2f (�)

s.t.
m∑
i=1

˛iyi = 0,

0 ≤ ˛i ≤ C+, i ∈ I+,

0 ≤ ˛i ≤ C−, i ∈ I−,

(11)
�j ≥ 0, j = 1, . . .,  n.

For the Kernel-penalized CS-SVM model, we explored two types
f kernels: the anisotropic Gaussian kernel, as presented in Eq. (7),
Computing 67 (2018) 94–105 97

and the linear kernel that includes the scaling factors. The latter has
the following form:

K(� ∗ xi, � ∗ xs) = 〈� ∗ xi, � ∗ xs〉. (12)

4.4. The two-step Quasi-Newton optimization scheme

Instead of solving KP-SVDD (Problem (9)) and KP-CSSVM (Prob-
lem (11)) directly, an iterative algorithm is proposed to avoid facing
the non-linearity that results with the introduction of the nonneg-
ative scaling factors. The two-step process consists of optimizing ˛
and � independently, fixing one of the variables at a time.

In the first step the algorithm, CS-SVM or SVDD are trained for a
given anisotropic kernel width �*. Notice that if the kernel widths
are fixed, then the penalty function does not depend on  ̨ and there-
fore can be excluded from this step. Since the kernel matrix does
not include decision variables at this point, we recover the original
CS-SVM or SVDD formulations. These problems can be solved effi-
ciently with any of the state-of-the-art solvers available. The output
of this step is the solution vector ˛*. The KP-SVDD and KP-CSSVM
problems for this first step follow:

min
˛

m∑
i,s=1

˛i˛sK(�∗ ∗ xi, �∗ ∗ xs)

s.t.
m∑
i=1

˛i = 1,

0 ≤ ˛i ≤ C, i = 1, . . .,  m,

(13)

and

max
˛

m∑
i=1

˛i −
1
2

m∑
i,s=1

˛i˛syiysK(�∗ ∗ xi, �∗ ∗ xs)

s.t.
m∑
i=1

˛iyi = 0,

0 ≤ ˛i ≤ C+, i ∈ I+,

0 ≤ ˛i ≤ C−, i ∈ I−.

(14)

For the second step we optimize � for a given solution ˛*. Fixing
˛* results in a non-linear problem with only positive constraints
since all constraints in KP-SVDD (Problem (9)) and KP-CSSVM
(Problem (11)) but the ones related to � can be excluded, together
with the first term of the objective function of KP-CSSVM. The KP-
SVDD and KP-CSSVM formulations for the second step follow:

min
�

F(�)

s.t. �j ≥ 0, j = 1, . . .,  n,
(15)

with

F(�) =
m∑
i,s=1

˛∗
i ˛

∗
sK(� ∗ xi, � ∗ xs) + C2f (�) (16)

for KP-SVDD, and

F(�) = 1
2

m∑
i,s=1

˛∗
i ˛

∗
s yiysK(� ∗ xi, � ∗ xs) + C2f (�) (17)

for KP-CSSVM, where f(�) is the penalty function proposed at
the beginning of this section (cf. Eq. (8)). Notice that we cast KP-
CSSVM into a minimization problem for this second step. In order to
solve the previous problems efficiently, we  follow a Quasi-Newton

strategy with an orthogonal projection for variable � to assure
that its components remain positive. The Quasi-Newton procedure
updates the kernel widths iteratively until one or more � com-
ponents fall below a predefined threshold �. When this occurs, we
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performed with Algorithm 3 to determine the parameters related
to the method: descent parameter � and threshold parameter �.
On the other hand, Fig. 2 details the various steps of Algorithm 3,
which corresponds to the KP-SVDD or KP-CSSVM training.
8 S. Maldonado, J. López / Applie

emove the variables j with �j < � and return to step 1. The algorithm
or scaling factor updating and feature elimination follows:

lgorithm 3. Scaling factor updating and feature elimination
lgorithm

: � ←− �0e
: repeat
: ˛←− CS-SVM or SVDD Training on S (step 1)
:  B ←− I
: repeat (step 2)
: d ←− PRn+

(� − B−1∇F(�)) − �

: Update � via the Armijo rule
: � ←− � + �d
: Update B via the Quasi-Newton rule
0: until ∃ j | � j < �
1: I ←− {j ∈ S|�j < �}
2: S ←− S\I
3: until |S| = r

The algorithm initializes with an isotropic kernel width obtained
rom a predefined value � = �0e. The value for �0 can be obtained
ia cross-validation and kernel-based SVM using the full set of vari-
bles (Model Validation 1).

After CS-SVM or SVDD is trained on S (step 1), the Quasi-Newton
rocedure (step 2) is started by initializing a matrix B as the identity
atrix I. This matrix is updated iteratively following the Quasi-
ewton rule (line 9 of Algorithm 3). The implementation of updating

ules for B satisfying the assumption of positive definiteness is of
ajor importance for obtaining a reasonably efficient algorithm

or practical applications. In some specific convex problems the
se of the Hessian matrix could both guarantee the validity of the
bove assumption, as well as the quick convergence to the sta-
ionary point. However, the Hessian matrix is not positive definite
n general non-linear problems, and computation of second order
erivatives is usually too expensive in terms of the number of oper-
tions and the computation time in most engineering applications.
n these cases the use of Quasi-Newton rules is a standard approach
hat provides positive definite matrices from the knowledge of just
he first order derivatives. For example, the damped BFGS secant
pdate proposed by Powell in [35] (see also [36]) was  designed to
ircumvent the lack of positive definiteness in the Hessian matrix
t the solution. This update procedure has the following form:

k+1 = Bk − Bkpk(pk)
�
Bk

(pk)�
Bkpk

+ rk(rk)
�

(pk)�rk
, (18)

where

pk = �k+1 − �k,

rk = �kqk + (1 − �k)Bkpk,

qk = ∇F(�k+1) − ∇F(�k),

�k =

⎧⎪⎪⎨
⎪⎪⎩

1, if (pk)
�

qk ≥ �(pk)
�
Bkpk,

(1 − �)(pk)
�
Bkpk

(pk)�
Bkpk − (pk)�qk

, > if (pk)
�

qk < �(pk)
�
Bkpk,

for some � ∈ (0, 1). Moreover, Powell’s damped BFGS secant has
roved to be very successful computationally (see e.g. [37]). Hence,
e choose this update, which preserves the positive definiteness

f the matrix Bk even far away from the solution. We  set � = 0.2, as
uggested in [35].

In line 6 of Algorithm 3, the descent direction d of the func-
ion F(�) is computed from B and ∇F(�), the gradient of F(�). For
P-SVDD and a given feature j, the partial derivative of F(�) with

espect to �j is given by

∂F(�)

∂�j
= −

m∑
i,s=1

�j(xij − xsj)
2˛∗

i
˛∗
s K(� ∗ xi, � ∗ xs) + C2  ̌ exp(−ˇ�j). (19)
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For KP-CSSVM, we  distinguish two  cases: the linear kernel and
the Gaussian kernel. For the first case, the partial derivative of F(�)
with respect to �j is given by

∂F(�)
∂�j

=
m∑
i,s=1

�j˛
∗
i ˛

∗
s yiysxijxsj + C2  ̌ exp(−ˇ�j), (20)

while the partial derivative of F(�) with respect to �j for the
Gaussian kernel follows:

∂F(�)
∂�j

= − 1
2

m∑
i,s=1

�j(xij − xsj)
2˛∗
i ˛

∗
s yiysK(� ∗ xi, � ∗ xs)

+ C2  ̌ exp(−ˇ�j). (21)

The term PRn+ in line 6 of Algorithm 3 denotes the orthogo-
nal projection on the nonnegative orthant Rn+, and is defined by
PRn+ (x) = max(0, x), for x ∈ Rn. This is important since it assures
that the components of � remain positive, as imposed in Formu-
lation (15) from the second step of the proposed algorithm. The
inclusion of this orthogonal projection allows us the use of uncon-
strained non-linear optimization techniques for optimizing F(�).

The eighth line of Algorithm 3 corresponds to the updating rule
for �. The descent parameter � is found using the Armijo rule (line 7
of Algorithm 3). This rule consists of choosing the step size param-
eter �k that satisfies the following inequality:

F(�k + �kdk) ≤ F(�k) + 
�k∇F(�k)
�dk, (22)

with fixed 
 ∈ (0, 1).
Lines 10–12 of Algorithm 3 describe the backward feature elimi-

nation strategy. The Quasi-Newton approach will adjust the scaling
factors iteratively until one or more components of � fall below
a threshold � (line 10). When this occurs, a set of attributes I to
remove from S is constructed with all the variables j with �j < �
(line 11). We  then remove I from S (line 12).

Line 13 of Algorithm 3 provides the stopping criterion. The algo-
rithm stops when a predefined number of selected features r is
found.

Next, the flow chart related to the kernel-penalized algorithm
is presented in Figs. 1 and 2 On the one hand, Fig. 1 presents the
interaction between the two validation processes: Model Valida-
tion 1, which involves the model selection for SVDD or CSSVM
using all available information; and Model Validation 2, which is
Fig. 1. Flow chart of the two validation processes required for the proposed meth-
ods.
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Table 1
Number of features, number of examples, percentage of each class, imbalance ratio
(IR), and generalized Fisher ratio (GFR) for all 12 datasets.

Dataset #features #examples %class(min.,maj.) IR GFR

GORDON 12,533 181 (17.1,82.9) 4.85 0.180
GLIOMA 4434 50 (14.0,86.0) 6.14 0.234
SRBCT 2308 83 (13.3,86.7) 6.55 0.169
BHAT3 3312 203 (10.3,89.7) 8.67 0.075
BHAT1 3312 203 (9.9,90.1) 9.15 0.247
BHAT2 3312 203 (8.4,91.6) 10.94 0.076
CAR2 9182 174 (6.9,93.1) 13.50 0.137
CAR1 9182 174 (6.3,93.7) 14.82 0.086
BULL 17,404 94 (4.3,95.7) 22.50 0.041
CAR3 9182 174 (4.0,96.0) 23.86 0.146
Fig. 2. Flow chart of the KP-SVDD or KP-CSSVM training algorithm.

. Experimental results

We  applied the proposed feature selection approaches KP-SVDD
nd KP-CSSVM to 12 microarray data sets for binary classification,
omparing them with well-known alternative feature methods.
n Section 5.1, we provide a description of the data sets and the
xperimental settings. Section 5.2 provides a summary of the per-
ormance obtained for all the different SVM approaches studied
efore applying feature selection. Section 5.3 summarized the per-
ormance obtained by our proposals and the benchmark feature
election methods. The detailed results for all methods and datasets
re presented in Appendix A, in which the different AUC values
re graphically represented for all studied subsets of n variables.
inally, the running times for all feature selection methods are
eported and discussed in Section 5.4.

.1. Datasets and experimental settings

The proposed embedded methods for feature selection and
lass-imbalance classification were applied on 12 two-class
icroarray datasets: Gordon’s Lung Cancer (GORDON) [38], the
LIOMA dataset [39], the SRBCT dataset [40], Bhatacharjee’s Lung
ancer (BHAT1, BHAT2, BHAT3, and BHAT4) [41], the CAR dataset
CAR1, CAR2, CAR3 and CAR4) [42], and Bullinger’s Adult Acute

yeloid Leukemia (BULL) [43]. LUNG and BULL are binary classifica-
ion problems, and therefore they were used without aggregating
he classes. For both datasets, the minority class corresponds to

alignant tissue samples and the majority class to benign sam-
les. In contrast, GLIOMA, SRBCT, BHAT, and CAR are multi-class
roblems that were adapted for class-imbalance binary classifica-
ion by aggregating all classes but one. The minority class is cancer
ligodendrogliomas, Burkitt lymphoma,  pulmonary carcinoids,  nor-
al lung, squamous cell lung carcinomas, small-cell lung carcinomas,

idney cancer,  gastroesophageal cancer,  liver cancer,  and pancreas
ancer for GLIOMA, SRBCT, BHAT1, BHAT2, BHAT3, BHAT4, CAR1,
AR2, CAR3, and CAR4, respectively.

The datasets presented have already been used for benchmark
eature selection algorithms (see e.g. [6,44]). Table 1 summarizes
he relevant meta-data for each benchmark dataset (the number of
ariables, the sample size, the percentage of observations in each
lass, and the imbalance ratio (IR)). Additionally, the class overlap
s studied for each dataset with the Generalized Fisher Ratio(GFR)
see e.g. [45]). This measure computes the separation between the
lasses for all variables, and is defined as:

gen =
∑C

k=1nkı(m, mk)∑C
k=1

∑nk
i=1ı(x

k
i
, mk)

, (23)

where nk denotes the number of examples of class k, m is the

lobal mean, mk is the mean of class k, xk

i
represents instance i from

lass k, and ı is a distance measure (in our case the Euclidean norm).
From Table 1, we can observe that our datasets are very diverse

n terms of number of variables (from 2308 to 17,404), imbalance
CAR4 9182 174 (3.4,96.6) 28.00 0.048
BHAT4 3312 203 (3.0,97.0) 32.83 0.046

ratio (from 4.85 to 32.83) and class overlap (from 0.247 (very low
overlap) to 0.041 (high overlap)). The most challenging dataset is
BULL, which has the highest overlap and class imbalance, while
BHAT1 is linearly separable.

Together with our proposals, the Kernel-Penalized feature
selection strategy for Support Vector Data Description and Cost-
Sensitive SVM, the following feature selection methods were
studied and have been reported for benchmarking purposes: Fisher
Score, Recursive Feature Elimination, and BFE-SVM based on bal-
anced loss. The choice of these approaches was based on their
flexibility to be used with SVDD and CS-SVM in both linear and
kernel-based versions. The methodological procedure follows:

• We first trained Support Vector Data Description and Cost-
Sensitive SVM using all available variables. In this step we
identified the best of the two approaches for a set of possible
hyperparameters. We also explored whether or not SMOTE over-
sampling improves the results.

• For model selection, we  followed the leave-one-out cross-
validation (LOO) procedure, which is a common strategy for
tumor prediction with DNA microarray data [46]. The follow-
ing values were studied, using AUC (Area Under the Curve) as
performance metric: C, � ∈ {2−7, 2−6, . . .,  26, 27}. For CS-SVM
and l1-CSSVM, we explored the following values for the weight
parameter w− ∈ {0.01, 0.1, 0.5, 1} [6,47].

• For the best model selected in the previous step, feature selection
was performed in the training set of the LOO validation procedure,
ranking the features according to their respective contribution
measures and monitoring the classification performance for the
following number of variables: n = {20, 50, 100, 250, 500, 1000}.
It is important to mention that our experimental setting com-
pares three feature ranking approaches (Fisher, RFE-SVM, and
BFE-SVM) and three embedded methods (l1-CSSVM, KP-CSSVM,
KPSVDD). The techniques of the latter group can identify irrele-
vant variables automatically, although a threshold is necessary
to decide which attributes are finally discarded. For these meth-
ods, the subsets are constructed based on the n largest weights
(in magnitude) for l1-CSSVM, and the n largest values for the
anisotropic kernel width � for our proposals.

• We used the default parameters of a well-known implementation
of the oversampling technique SMOTE, as developed in Chawla
et al. [14]. As is suggested in that paper, the nearest neighbors
were set to 5. We  performed 400% oversampling (default option),
which means four from the five nearest neighbors were chosen.
SMOTE oversampling is always applied on the training set for
each fold of the LOO procedure.
• For the Kernel Penalized approach, we set �  = 0.00001. We  rede-
fined the parameter � found using the Armijo rule (step 7 of
Algorithm (3)) as � := 0.1�. The reasoning behind this is to guar-
antee small kernel width updates at the first iterations of the
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Table 2
Predictive performance for all classification approaches. Six datasets.

GORDON GLIOMA SRBCT BHAT3 BHAT1 BHAT2

SVMl 98.4 75.1 95.0 94.7 100 93.9
SVMl + SO 98.4 75.1 95.0 94.7 100 93.9
SVMG 98.4 77.4 95.4 94.7 100 93.9
SVMG + SO 98.4 77.4 95.4 94.7 100 96.5
CS-SVMl 98.4 83.7 99.3 94.7 100 93.9
CS-SVMl + SO 98.4 83.7 99.3 94.7 100 93.9
CS-SVMG 98.4 82.4 95.4 96.0 100 96.5
CS-SVMG + SO 98.4 88.4 95.4 95.7 100 98.9
l1-CSSVM 99.7 60.3 100 95.4 100 96.5
l1-CSSVM + SO 99.3 57.8 100 94.7 100 96.5
SVDDG 91.2 70.8 81.5 88.1 95.6 83.7

Table 3
Predictive performance for all classification approaches. Six datasets.

CAR2 CAR1 BULL CAR3 CAR4 BHAT4

SVMl 83.3 90.9 50.0 85.7 83.3 91.7
SVMl + SO 83.3 90.9 50.0 85.7 83.3 91.7
SVMG 83.3 90.9 50.0 85.7 83.3 83.3
SVMG + SO 83.3 90.9 50.0 85.7 83.3 83.3
CS-SVMl 83.3 90.9 50.0 85.7 83.3 91.7
CS-SVMl + SO 83.3 90.9 50.0 85.7 83.3 91.7
CS-SVMG 83.3 90.9 50.0 85.7 83.3 100
CS-SVMG + SO 83.3 90.9 87.5 85.7 90.5 100
l1-CSSVM 83.3 95.5 50.0 85.7 100 100
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Table 4
Performance for all feature selection approaches. Six datasets.

Dataset Best no FS Fisher RFE BFEbl l1-CSSVM KP-CSSVM KP-SVDD

GORDON
Mean – 98.8 97.0 92.0 98.1 94.5 79.3
Max  99.7 99.7 96.8 98.4 98.4 98.4 87.4
n* 12,533 20 50 1000 250 1000 1000
GLIOMA
Mean – 61.8 67.6 58.8 53.7 76.9 59.7
Max  88.4 81.4 83.7 73.3 61.1 87.2 67.9
n* 4434 1000 1000 1000 20 100 500
SRBCT
Mean – 84.6 93.1 89.2 94.6 95.3 75.9
Max  100 100 97.9 99.3 100 100 83.6
n* 2308 500 1000 1000 1000 250 50
BHAT3
Mean – 90.4 88.8 89.1 90.7 94.9 80.9
Max  96.0 92.6 89.9 92.6 92.6 95.1 87.8
n* 3312 500 20 1000 50 1000 1000
BHAT1
Mean – 99.6 99.6 95.7 99.8 99.1 85.9
Max  100 100 100 97.5 100 100 93.1
n* 3312 20 20 250 250 50 500
BHAT2
Mean – 96.4 93.6 98.1 97.5 97.2 75.8
Max  98.9 96.8 93.6 99.5 99.2 99.5 81.8
n* 3312 100 20 250 100 250 1000

Table 5
Performance for all feature selection approaches. Six datasets.

Dataset Best no FS Fisher RFE BFEbl l1-CSSVM KP-CSSVM KP-SVDD

CAR2
Mean – 83.3 78.9 81.9 88.2 86.1 74.5
Max  91.6 87.5 82.4 87.5 94.6 87.5 79.2
n* 9182 250 1000 500 250 50 1000
CAR1
Mean – 90.9 90.9 87.7 95.4 90.0 63.2
Max  95.5 90.9 90.9 90.9 100 90.9 73
n* 9182 20 20 50 1000 250 1000
BULL
Mean – 60.3 77.1 66.7 86.4 80.9 50.0
Max  87.5 62.5 87.5 87.5 87.5 100 50
n* 17,404 250 500 500 10 500 20
CAR3
Mean – 85.7 86.7 82.6 90.8 88.8 85.5
Max  90 85.7 92.9 92.9 92.9 92.9 91.3
n* 9182 20 20 1000 20 50 1000
CAR4
Mean – 91.7 88.1 69.8 100 95.5 90.2
Max  100 100 91.7 75 100 100 92.6
n* 9182 250 20 1000 20 50 1000
BHAT4
Mean – 99.9 91.7 76.8 99.7 98.7 64.0
l1-CSSVM + SO 91.6 95.5 74.4 85.7 100 100
SVDDG 82.3 73.3 50.0 90.0 79.8 53.7

Quasi-Newton strategy (step 8 of Algorithm (3)), similar to the
learning rate parameter in a Neural Network [48]. We  explored
the following values for the trade-off parameter for feature penal-
ization: C2 ∈ {2−7, 2−6, . . .,  26, 27}, where C2 = 0.125 led to the best
empirical results in general.

Regarding model implementation, we used LIBSVM [49], LIB-
INEAR [31], and DDTOOLS [50] on Matlab for CS-SVM, l1-CSSVM,
nd SVDD approaches, respectively.

.2. Classification performance summary without feature
election

Tables 2 and 3 presents the performance in terms of AUC of
ll classification methods without performing feature selection,
btained by the validation procedure described above. We  explored
he following approaches: standard SVM (Formulation (10) with
− = 1), CS-SVM (Formulation (10) with w− < 1), l1-CSSVM (For-
ulation (6) with w− < 1), and SVDD. For standard SVM and

S-SVM we present the results using a linear or a Gaussian ker-
el, which is highlighted in Tables 2 and 3 with a subindex l or
, respectively. The l1-CSSVM method is designed only as a linear
ethod. Additionally, we report the results for these methods with

MOTE oversampling (denoted by +SO in Tables 2 and Table 3), and
ithout any data resampling. The best technique in terms of AUC

s written in bold type.
In Tables 2 and 3, we observe that the best results are usu-

lly achieved with CS-SVM, although standard SVM has similar
erformance in some cases. The SVDD method is outperformed
y CS-SVM, being CAR3 the only exception, and seems to be less
uitable than the latter for high-dimensional problems.

.3. Feature selection performance summary
Tables 4 and 5 present a summary of the feature selection
esults, where the best classification approach is used jointly with
he feature selection strategies mentioned above. We  also incor-
Max  100 100 91.7 83.3 100 100 92.6
n* 3312 20 20 1000 20 250 1000

porated our Kernel-Penalized strategy using SVDD, despite the fact
that this model was usually outperformed by CS-SVM. The best SVM
approach without feature selection is also included in Tables 4 and
5 (column Best no FS). The summary includes the average and the
maximum performance for all subsets of variables n (a total of six
AUC computations), while the optimal subset size n* is also pre-
sented in Table 4. The highest AUC is highlighted in bold type. In
case of ties in terms of AUC, we  present the smallest n*.

In Tables 4 and 5, we  observe that the best predictive results
were achieved using the proposed KP-CSSVM and the l1-CSSVM
method. In the case of KP-SVDD, the method is outperformed by
the others due to its dependence on a suboptimal classifier, in this
case the SVDD method. It can be also noticed from Table 4 that

there are large deviations between some mean and maximum AUC
values computed from the different subsets of features. This occurs
because most several feature selection methods fail at identifying
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Table  6
Holm’s post-hoc test for pairwise comparisons. Maximum performance.

Method Mean rank Mean AUC p value ˛/(k − i) Action

KP-CSSVM 2.08 95.95 – – Not reject
l1-CSSVM 2.58 93.86 0.51 0.050 Not reject
Fisher + CSSVM 3.08 91.43 0.19 0.025 Not reject
BFEbl-CSSVM 3.71 89.81 0.03 0.017 Not reject
RFE-CSSVM 4.04 91.58 0.01 0.013 Reject
KP-SVDD 5.50 81.69 0.00 0.01 Reject
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Table 7
Average running times in seconds. All datasets.

Fisher RFE BFE l1-CSSVM KP-CSSVM KP-SVDD

GORDON 1.”4 18.”0 19.”8 0.”2 46.”9 18.”9
GLIOMA 0.”5 0.”5 1.”0 0.”0 1.”8 3.”1
SRBCT 0.”3 0.”8 0.”9 0.”0 1.”9 1.”1
BHAT3 0.”4 1.”2 1.”6 0.”1 28.”5 2.”1
BHAT1 0.”4 0.”4 0.”8 0.”1 2.”5 2.”0
BHAT2 0.”4 1.”1 1.”1 0.”1 3.”2 2.”2
CAR2 1.”0 2.”2 2.”5 0.”2 13.”4 12.”2
CAR1 1.”0 1.”9 2.”0 0.”2 12.”5 12.”1
BULL 1.”8 2.”4 2.”5 0.”2 34.”2 38.”4

complex non-linear patterns.
From the experimental work, we conclude that KP-CSSVM is
he correct variables and therefore AUC drops quickly to 0.5. In
ther cases, the performance remains stable independent from the
eature selection strategy used (see e.g. BHAT1 and CAR1, see Figs.
.4 and A.5 in Appendix A).

In the presence of class-imbalance, datasets which are harder
o classify correctly (such as BULL or GLIOMA) may  show a large
eviation in performance since classifiers tend to favor the major-

ty class when it is not possible to construct accurate classifiers,
eading to poorly balanced performance (AUC close to 0.5). High
imensionality makes the problem worse if the feature selection
ethods fail at identifying the relevant variables, or too many vari-

bles are removed. For the GLIOMA dataset, for example (Fig. A.2
n Appendix A), most methods fail at selecting a subset of 100 rel-
vant variables of the 4434 available, achieving an AUC of 0.5. The
roposed KP-CSSVM, however, achieves the best performance. If
0 variables are selected, all methods fail at predicting accurately
ince too few variables are chosen, and important information is
ost. A similar case can be observed for the BULL dataset.

In Tables 4 and 5, we can also observe that feature selection can
mprove predictive performance by improving the model’s gen-
ralization ability. According to our experimental results, for five
f 12 datasets feature selection improved predictive performance
CAR1, CAR2, CAR3, BHAT2, and BULL); results were similar in five
atasets (GORDON, SRBCT, BHAT1, BHAT4, and CAR4); and only in
wo cases CS-SVM with all attributes had a slightly better predic-
ive performance than feature selection approaches (GLIOMA and
HAT3). There is also evidence in the literature that supports this

act (see e.g. [27]).
From Tables 4 and 5, we can see that no method outperformed

he others for all the studied datasets, and the differences in
erformance are rather small in some experiments. The overall
erformance was studied further by applying tests for statisti-
al significance to the five feature selection methods mentioned
efore. As suggested by Demšar [51], a post-hoc test is performed

n order to identify which methods outperform others statistically.
n this work, the Holm’s test proposed in [52] was used. This test
onstructs a Z statistic based on the mean ranks for each method.
he method with the lowest average rank is set as the baseline, and
hen a pairwise comparison is performed between each the other

ethods and this approach (see [52] for more details).
The results for the Holm’s test are presented in Table 6 for the

aximum performance for all subsets of variables n. We  decided to
reate a single test for the best performance of each method since
t represents their expected performance when implemented. The
arious subsets of variables n are arbitrarily defined, and can be
een as an additional parameter to tune. We  also believe that it
s a fair comparison since we use the same subset size for all the

ethods.
In Table 6, we can see that the proposed KP-CSSVM, l1-CSSVM,

he Fisher Score, and BFEbl outperform RFE-CSSVM and KP-SVDD
sing  ̨ = 0.05. Although KP-CSSVM has the best overall perfor-
ance, we conclude that no method outperforms the others
tatistically in terms of maximum AUC among all the subsets of
ariables.
CAR3 1.”0 1.”3 1.”7 0.”2 12.”0 11.”8
CAR4 1.”0 2.”0 1.”7 0.”2 11.”7 11.”5
BHAT4 0.”4 0.”6 0.”8 0.”1 2.”3 2.”2

5.4. Running time analysis

Finally, Table 7 provides a comparison for each feature selection
method in terms of average running times using LOO cross-
validation, and considering the best set of parameters obtained
using the model selection procedure. The experiments were per-
formed on an HP Envy dv6 with 16 GB RAM, 750 GB SSD, a i7-2620M
processor with 2.70 GHz, and using Microsoft Windows 8.1 Operat-
ing System (64-bits). For all methods but l1-CSSVM, we computed
one step of the algorithm immediately after running the SVM train-
ing with all available attributes (the first ranking for methods
Fisher, RFE and BFEbl, and the quasi-Newton step and first kernel
width update for our proposal), taking the average of all runs of
the LOO cross-validation. For the l1-CSSVM method, we compute
its average training time.

On Table 7, we first observe that all running times are tractable
and comparable. Although our method is slower due to the quasi-
Newton step (the computation of the gradient is similar compared
to the RFE and BFE algorithms in terms of complexity), all methods
can construct the spinodal presented in Appendix A in less than
five minutes for all datasets. The Limited-memory BFGS method
(LBFGS) can be used instead of the damped BFGS method proposed
by Powell [35] to solve large-scale problems and/or to improve
running times (see [36] for more details about of LBFGS).

6. Conclusions

A novel embedded feature selection approach is presented in
this work for SVM in the presence of the class-imbalance problem.
The main idea is to extend KP-SVM [4], a framework for simulta-
neous classification and variable penalization via gradient descent,
for dealing with a skewed class distribution.

Several modifications have been made to the KP-SVM method.
First, we adapted the strategy for SVM formulations that are
suitable for the class-imbalance issue, namely Support Vector Data
Description, and Cost-sensitive SVM. Originally developed only
for the Gaussian kernel, we also extended the KP-SVM method to
linear kernel functions. Additionally, the optimization process has
been improved significantly: a Quasi-Newton strategy is proposed
to enhance convergence, speeding up the optimization of the
kernel width variables; while the gradient parameter that controls
the kernel width updating process � is computed via Armijo
search. These modifications allow adjusting the kernel width
dynamically while the number of attributes decreases. The method
leads to good predictive performance thanks to the use of baseline
classifiers especially designed for imbalance classification, and the
use of kernel methods provides a flexible framework for modeling
an excellent alternative for feature selection and class-imbalance
classification, since it is designed to deal with the latter issue
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nd penalizes the use of features by adjusting the kernel width
n an iterative process. The Quasi-Newton methodology guaran-
ees faster convergence than other well-known steepest descent
pproaches, like gradient descent. The Armijo search strategy also
nds the adequate value for the kernel width updating process.

n contrast, KP-SVDD is outperformed by other feature selection
pproaches based on CS-SVM. Although our proposal has positive
esults compared to SVDD using all available variables, the latter

ethod performed worse than CS-SVM in our high-dimensional
xperiments, causing the inferior performance of our proposed
ethod. Since SVDD is designed to perform outlier detection, it

oes not seem suitable for datasets where traditional discrimi-
ative approaches are able to perform very well (close to 100%
ccuracy). If the baseline method is not properly classifying, it is
lso expected that it also fails at identifying the relevant variables.

On the other hand, SMOTE has proved to be helpful in some
ases, although in most experiments it has similar performance to
o resampling. Oversampling was particularly useful for CS-SVM

or the most overlapped datasets, namely GLIOMA and Bullinger
eukemia. Regarding the choice of the kernel, Gaussian kernel
chieves best performance in seven out of 12 datasets, while the
inear kernel worked better in the remaining five. This demon-
trates the usefulness of the non-linear models, although superior
erformance cannot be guaranteed, and both types of functions
hould be explored.

The SVDD method, which usually leads to positive results when
acing class-imbalance datasets (see e.g. [8,45]), did not perform
s expected in this study when all attributes were used, probably
ecause of the nature of the datasets chosen for this study (few
amples, high-dimensionality, low noise/class overlap). Discrimi-
ative approaches such as CS-SVM seem to perform better when
he datasets are easy to shatter.

Another important conclusion is that feature selection improves
lassification performance compared with using SVM with all fea-
ures. AUC was improved or maintained in five out of six datasets
see Table 4 and Appendix A). But on the GLIOMA dataset, the best
esult for the best feature selection approach (KP-CSSVM using 100
ttributes) is slightly worse compared with that obtained without
eature selection. It is also important to notice that a gain in per-
ormance is not the only reason for performing feature selection:
dentifying models that perform well, as well as using all variables,
eads to important insights for decision-making. For the GLIOMA
ataset, in particular, it provides the 100 genes that have the highest

mpact on this type of cancer.
One reason that feature selection was not able to outperform

VM with all variables is that model selection was performed
sing only the full dataset; the SVM parameters are not tuned

or every subset of n variables. Although the strategy followed
n this work is standard and supported by the literature (see e.g.
4,47]), there are some parameters that are sensitive to varying the
umber of variables selected (for example, the kernel width, see
4]), which may  cause a decrease in performance. There are several
pportunities for future research in the following directions:

It would be interesting to extend the proposed method to multi-
class classification, where it is common to find high dimensional
applications that exhibit skewed class distribution [44]. As an
example, four of our six microarray datasets are multi-class prob-
lems that have this issue.
The present work can also be useful in business analytics, where
feature selection is usually performed to gain insight into the

process that generates the data, e.g. to understand consumer
behavior [53]. Some examples of business analytics applications
that usually have to deal with class-imbalance are fraud detec-
tion, credit scoring, and churn prediction [53].
Computing 67 (2018) 94–105

• Finally, there is a need for computationally efficient classifica-
tion methods for high-dimensional tasks. We  live in a Big Data
era, and the size of the datasets is increasing dramatically in
terms of instances as well as variables [53,3]. Out  method can be
extended to more efficient classification methods, such as linear-
programming versions of SVM [54,55].
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Appendix A. Detailed results for all datasets

Fig. A.1. Performance versus n for various feature selection approaches. GORDON
dataset.
Fig. A.2. Performance versus n for various feature selection approaches. GLIOMA
dataset.
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Fig. A.3. Performance versus n for various feature selection approaches. SRBCT
dataset.

Fig. A.4. Performance versus n for various feature selection approaches. BHAT3
dataset.

Fig. A.5. Performance versus n for various feature selection approaches. BHAT1
dataset.

Fig. A.6. Performance versus n for various feature selection approaches. BHAT2
dataset.

Fig. A.7. Performance versus n for various feature selection approaches. CAR2
dataset.

Fig. A.8. Performance versus n for various feature selection approaches. CAR1
dataset.
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Fig. A.9. Performance versus n for various feature selection approaches. BULL
dataset.

Fig. A.10. Performance versus n for various feature selection approaches. CAR3
dataset.

Fig. A.11. Performance versus n for various feature selection approaches. CAR4
dataset.
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Fig. A.12. Performance versus n for various feature selection approaches. BHAT4
dataset.
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