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Abstract. Feature selection is an important machine learning topic, especially in high dimensional applications, such as cancer
prediction with microarray data. This work addresses the issue of high dimensionality of feature selection for linear and kernel-
based Support Vector Machines (SVMs) considering second-order cone programming formulations. These formulations provide
a robust and efficient framework for classification, while an adequate feature selection process avoids errors in the estimation
of means and covariances. Our approach is based on a sequential backward elimination which uses different linear and kernel-
based contribution measures to determine the feature relevance. Experimental results with microarray datasets demonstrate the
effectiveness in terms of predictive performance and construction of a low-dimensional data representation.
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1. Introduction

Feature selection is one of the most important machine learning tasks. An appropriate selection of the
most relevant features reduces the risk of overfitting, improving model generalization by decreasing the
model’s complexity [16]. This is particularly important in small-sized high-dimensional datasets, where
the curse of dimensionality is present and a significant gain in terms of performance can be achieved
with a small subset of features [16,26]. Additionally, low-dimensional representation allows better inter-
pretation of the classifier. This is particularly important in some application fields like business analytics,
since machine learning approaches are considered to be black boxes by practitioners, who therefore tend
to be hesitant to use these techniques [10,12]. The understanding of the process that generates the data is
also of crucial importance in the life sciences, e.g., for selection of the relevant genes that lead to better
discrimination in cancer prediction.

Support Vector Machine (SVM) has shown to be a very powerful machine learning method. SVM
provides several advantages such as adequate generalization to new objects, a flexible non-linear deci-
sion boundary, absence of local minima, and representation that depends on only a few parameters [35].
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Recently, second-order cone programming (SOCP) formulations have been proposed as a robust opti-
mization scheme for SVMs. These formulations have several theoretical advantages that may lead to
superior predictive performance, compared to the standard SVM method [23,27].

This work presents an embedded feature selection strategy for SOCP-SVM, proposing novel contri-
bution measures to assess feature relevance. Two algorithms are described: one for the linear version of
SOCP-SVM, and one for the kernel-based SOCP-SVM formulation. Based on robust optimization, our
proposals combine feature selection and classification via Second-order cone programming, achieving
better classification performance than other embedded feature selection techniques for SVM.

The paper is structured as follows: Section 2 introduces Support Vector Machines for binary classifica-
tion, and its robust formulation with second-order cones. Recent developments for feature selection are
reviewed in Section 3. The proposed feature selection approach is presented in Section 4. Section 5 pro-
vides experimental results using real-world datasets. A summary of this paper can be found in Section 6,
where we provide its main conclusions and address future developments.

2. Support Vector Machine

In this section we describe the mathematical derivation of SVM developed by Vapnik [35], and SOCP-
based Support Vector Machine formulation based on the first two moments of each class, the mean and
covariance [27].

2.1. l2 Support Vector Machine

Considering training examples xi ∈ �n, i = 1, . . . ,m and their respective labels yi ∈ {−1, 1}, SVM
determines a hyperplane f(x) = w� ·x+b such that each vector has to be correctly classified into one of
the two classes. This hyperplane maximizes the margin, which is computed as the sum of the distances
to the closest positive and negative training instances. To maximize this measure, we need to classify
the training vectors xi correctly into two different classes, yi, using the smallest norm of coefficients
w [35]. The primal SVM formulation balances the minimization of the Euclidean norm (structural risk)
and the misclassification errors (empirical risk) by introducing an additional set of slack variables ξi,
i = 1, . . . ,m and a penalty parameter C that controls this trade-off:

min
w,b,ξ

1

2
‖w‖2 + C

m∑
i=1

ξi

s.t. yi · (w� · xi + b) � 1− ξi, i = 1, . . . ,m,

ξi � 0, i = 1, . . . ,m.

(1)

A non-linear classifier can be obtained by mapping the data instances into a higher dimensional space
H , where a separating hyperplane with maximal margin is constructed. The mapping is performed by a
kernel function K(x,y) which defines an inner product in H . The kernel-based SVM formulation can
be stated as follows:

max
α

m∑
i=1

αi − 1

2

m∑
i,s=1

αiαsyiysK(xi,xs)
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s.t.
m∑
i=1

αiyi = 0, (2)

0 � αi � C, i = 1, . . . ,m,

where α is the vector of Lagrange multipliers corresponding to the constraints in Eq. (1). We based our
analysis on the gaussian kernel, which has the following form:

K(xi,xs) = exp

(
−||xi − xs||2

2σ2

)
, (3)

where σ > 0 is the parameter controlling the width of the kernel [30].

2.2. SOCP Support Vector Machine

Suppose that X1 andX2 are random vector variables that generate samples of the positive and negative
classes respectively. In order to construct a maximum margin linear classifier such that the probability of
a false-negative and a false-positive error does not exceed 1− η1 and 1− η2 respectively, with η1, η2 ∈
(0, 1), let us consider the following quadratic chance-constrained programming (QCCP) problem:

min
w,b

1

2
‖w‖2

s.t. Prob{w� ·X1 − b � 0} � 1− η1,

Prob{w� ·X2 − b � 0} � 1− η2.

(4)

In other words, we require that the random variable Xi lies on the correct side of the hyperplane with
probability greater than ηi for i = 1, 2. Assume that for i = 1, 2 we only know the mean μi ∈ �n and
covariance matrix Σi ∈ �n×n of the random vector Xi. In this case, for each i = 1, 2 we want to be
able to classify correctly, up to the rate ηi, even for the worst distribution in the class of distributions
which have common mean and covariance Xi ∼ (μi,Σi). For this purpose we replace the probability
constraints in Eq. (4) with their robust counterparts:

sup
X1∼(μ1,Σ1)

Prob{w� ·X1 − b � 0} � 1− η1, sup
X2∼(μ2,Σ2)

Prob{w� ·X2 − b � 0} � 1− η2.

By virtue of an appropriate application of the multivariate Chebyshev inequality, this worst distribution
approach leads to the following quadratic second-order cone programming (QSOCP) problem [3], which
is the deterministic formulation of Eq. (4) (see [5,27] for all details):

min
w,b

1

2
‖w‖2

s.t. w� · μ1 − b � 1 + κ1
√

w� · Σ1w,

b−w� · μ2 � 1 + κ2
√

w� · Σ2w,

(5)

where κi =
√

ηi

1−ηi
, for i = 1, 2.
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Now, we denote the number of elements of the positive and negative class by m1 and m2 respectively;
by T1 ∈ �n×m1 , a data matrix for the positive class; by T2 ∈ �n×m2 , a data matrix for the negative class;
by 1mi

, a vector of ones of dimension mi; and by Imi
, the identity matrix in �mi×mi . Since w ∈ �n,

it can be written as w = [T1, T2]s + Mr, where M is a matrix with its columns as vectors orthogonal
to training data points and s, r are vectors of combining coefficients. On the other hand, the empirical
estimates of the mean and covariance are given by:

μi = x̄i =
1

mi
Ti1mi

, Σi = Σ̄i = SiS
�
i with Si =

1√
mi

(Ti − μi1
�
mi

),

for i = 1, 2. Thus

w� · μi = s� · gi, w� · Σiw = s� ·Gis, i = 1, 2,

where

gi =
1

mi

[
K1i1i
K2i1i

]
, Gi =

1

mi

[
K1i

K2i

](
Imi
− 1

mi
1i1

�
i

)[
K�

1i K
�
2i

]
,

with K11 = T�
1 T1, K12 = K�

21 = T�
1 T2, K22 = T�

2 T2 matrices whose elements are inner products of
data points. For instance, the entry (i, j) for the matrix K12 is

(K12)ij = 〈x1
i ,x

2
j 〉. (6)

Hence, in order to design nonlinear classifiers, we replace the inner product, 〈·, ·〉, by K(·, ·). For
instance, the inner product Eq. (6) is replaced by (K12)i,j = K(x1

i ,x
2
j ). Thus, the non-linear formulation

is given by

min
s,b

1

2
s� ·Ks

s.t. s� · g1 − b � 1 + κ1
√

s� ·G1s

b− s� · g2 � 1 + κ2
√

s� ·G2s,

(7)

where K = [K11,K12;K21,K22].

3. Feature selection for machine learning

Three main strategies have been proposed for feature selection: filter, wrapper, and embedded meth-
ods [16]. Filter methods include algorithms that are independent of the classifier, filtering out irrelevant
features based on statistical properties. In this work we use the Fisher Criterion Score as a benchmark
approach. This method computes the correlation of each variable with the labels. The score F (j) of
feature j is given by:

F (j) =

∣∣∣∣∣
μ+
j − μ−

j

(σ+
j )

2 + (σ−
j )

2

∣∣∣∣∣ (8)
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where μ+
j (μ−

j ) represents the mean for the j-th feature in the positive (negative) class and σ+
j (σ−

j ) is
the respective standard deviation. Other common measures are Information Gain (also known as Mutual
Information) [40], and the Hilbert-Schmidt Independence Criterion [32]. This strategy has advantages
such as its simplicity, scalability, and a reduced computational effort; but it ignores the interactions
between the variables, and the relationship between them and the classification algorithm.

Wrapper methods are search strategies which are wrapped around predictors to score feature subsets
according to their predictive power (usually accuracy). Since the exhaustive search for an optimal subset
of features grows exponentially with the number of original variables, heuristic approaches have been
suggested [20]. Commonly used wrapper strategies are the Sequential forward selection (SFS), and the
Sequential backward elimination (SBE) [20]. In the first case, each candidate variable is included in the
current set, and the result is evaluated. The variable whose inclusion results in the best evaluation is in-
serted into the current set. Subsequently, SBE starts with the variable set that consists of all the candidate
variables, and the variable whose exclusion results in the best evaluation is considered to be eliminated
from the current set. An advantage of wrapper methods is the interaction between a subset of variables
and the model. The main disadvantage is the high computational cost and the risk of overfitting [16].

Embedded methods encompass algorithms that perform feature selection in the training process, being
specific to given machine learning methods [16]. Some approaches consider backward feature elimina-
tion in order to establish a ranking of features, using SVM-based contribution measures to evaluate their
relevance. One popular method is known as Recursive Feature Elimination (RFE-SVM) [18]. The goal
of this approach is to find a subset of size r among n variables (r < n), eliminating those features whose
removal leads to the largest margin of class separation. Since the margin is inversely proportional to the
Euclidean norm of the weight vector, this value can be rewritten in terms of the dual variables of SVM:

W 2(α) =

m∑
i,s=1

αiαsyiysK(xi,xs). (9)

The feature to be removed in each iteration is the one whose removal minimizes the variation of
W 2(α). While one could choose a single variable to remove at each iteration, this would be inefficient
in many high dimensional applications (such as microarray data). In such datasets there are thousands
of features, and the authors suggest removing half of the variables at each step [18].

Recent studies suggest that RFE-SVM achieves best (or close to best) performance in microarray
datasets (see e.g. [8,36]), and therefore we base our proposal in this backward elimination strategy.

Embedded feature selection can also be seen as an optimization problem. This is generally done by
enforcing feature selection on the parameter of the model directly, considering a sparsity term in the
objective function. For instance, the squared Euclidean norm from the classical SVM (‖w‖2 from For-
mulation (1)) can be replaced by the l1 norm Ω(w) =

∑
i |wi|, as presented in the l1 Support Vector

Machine (l1-SVM) approach of Bradley and Mangasarian [9]:

min
w,b,ξ

n∑
i=1

|wi|+ C

m∑
i=1

ξi

s.t. yi · (w� · xi + b) � 1− ξi, i = 1, . . . ,m,

ξi � 0, i = 1, . . . ,m.

(10)

An alternative sparsity term is the minimization of the “zero norm” (l0 norm): Ω(w) = ‖w‖0 =
| {i : wi 	= 0} |. Note that, unlike the l1 norm, ‖·‖0 is not a norm because the triangle inequality does not
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hold [9]. Since the l0 norm is non-smooth, Bradley and Mangasarian [9] proposed the following concave
approximation:

‖w‖0 ≈ 1n
�(1n − exp(−β|w|), (11)

where β controls the steepness of the penalty function. The l0 norm can be considered instead of the
Euclidean norm, as suggested by Bradley and Mangasarian [9] in their approach, Feature Selection Con-
caVe (FSV). Since this function is not directly differentiable, the authors suggest an iterative approach
based on a constrained gradient descent method. The sparsity terms can also be combined with the
Euclidean norm to achieve both generalization and sparsity simultaneously. Weston [38] proposed an
alternative approach for l0 norm minimization (l0-SVM), which scales the variables iteratively by the
absolute value of the weight vector w, and obtains from the primal SVM formulation (1), until conver-
gence. A ranking of variables can be constructed by removing the features whose weights become zero
during the iterative algorithm and computing the order of removal. This method considers the following
approximation of the l0 norm:

Ω(w) =

n∑
j=1

log(ε+ |wi|). (12)

To the best of our knowledge, only one feature selection approach based on the SOCP formulation
for SVM has been proposed to date. This work extends the ideas of l1 Support Vector Machine (l1-
SVM) to second-order cones, by minimizing the l1 norm [7] instead of the Euclidean norm used in
formulation (5):

min
u,v,b

(u+ v)� · 1n

s.t. (u− v)� · μ1 − b � 1 + κ1‖S�
1 (u− v)‖,

b− (u− v)� · μ2 � 1 + κ2‖S�
2 (u− v)‖,

u � 0, v � 0.

(13)

Formulation (13) addresses the l1 norm by introducing two vectors u and v, leading to a convex linear
problem with second-order cone constraints.

An important drawback of these methods is that they are limited to linear classifiers [16,25]. Some
approaches have been proposed for nonlinear feature selection via model optimization. For example,
Maldonado et al. [26] proposed an SVM-based approach based on the dual version of SVMs (Formu-
lation (2)) that penalizes the number of features using an anisotropic Gaussian kernel and a concave
penalization of the zero norm for the scaling factors. An alternative approach presented by Chapelle et
al. [13] automatically tunes the scaling factors in the dual formulation of Support Vector Machines using
a gradient descent algorithm. In the following section we incorporate some of these strategies to propose
a backward elimination algorithm for the robust version of SVMs, which can be extended to nonlinear
classifiers.

Feature selection strategies can be categorized into supervised, unsupervised, or semi-supervised al-
gorithms depending on the use of the respective label information [1]. Only few approaches have been
proposed for unsupervised learning. This is a challenging task because methods that attempt to detect
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irrelevant attributes by assessing the correlation between variables and labels are not suitable for clus-
tering since such class labels are not available. One such method was presented by Dyer et al. [15] who
provide results for feature selection in subspace clustering. Another family of unsupervised feature se-
lection methods is based on spectral graph theory [14]. Such methods focus on a target concept rather
than on class labels. The idea behind spectral feature selection is that observations that are close to each
other in the feature space should belong to the same target concept [41]. Some approaches that follow
this principle are SPEC [41], Laplacian Score [19], and MCFS [11].

4. Feature ranking approaches based on SOCP-SVM

In this section we propose a backward feature selection method for SVM based on the formulation
with moments and using second-order cone programming. The approach starts with all available fea-
tures and determines each feature’s contribution to the respective classifier for ranking the features in
terms of relevance. The reasoning behind this method is that we can improve classification performance
by eliminating the features that adversely affect the generalization capacity of the classifier. Our strat-
egy considers a robust model that makes no assumptions about the distribution of features, controlling
misclassification probabilities in a worst-case setting, i.e., under all possible choices of class-conditional
densities. The robustness of the SOCP classifier should minimize the risk of removing potentially rele-
vant attributes during the backward elimination process, which is common in greedy approaches [16].

We first introduce the linear case, in which we construct a linear classifier using the SOCP formulation
for SVM and perform backward selection based on the weights obtained by the model. Subsequently, a
non-linear approach that considers Kernel functions is presented.

4.1. Feature ranking for linear SOCP-SVM

According to the notation used by Song et al. [32], S denotes the full set of features, and a backward
algorithm generates a relevance rank of attributes S†. At each iteration S† is appended by one or several
features from S which are not yet contained in S† by selecting those features which are least important in
the construction of the hyperplane, given by components of the weight vector obtained from the SOCP-
SVM formulation. We propose the following backward algorithm (SOCPSVM-BFEl, second-order cone
programming SVM – Backward Feature Elimination, linear case):

Algorithm 1 SOCPSVM Backward Feature Elimination – linear case
Input: The full set of features S
Output: An ordered set of features S†
1. S† ← ∅
2. repeat
3. w← SOCP-SVM Training (Formulation (5)).
4. I ← argminI

∑
p∈I |wp|, I ⊂ S .

5. S ← S \ I .
6. S† ← (S†,I).
7. until S = ∅.

Algorithm 1 is concerned with the selection of a set I of features to eliminate. As indicated in the
previous section, several elements of S can be removed at each iteration to speed up the training process.
We remove half of the features at each step of the algorithm.
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4.2. Feature ranking for kernel-based SOCP-SVM

For the nonlinear version of the algorithm, the weight vector is no longer available since it is related
to the projection function, φ. In order to overcome this issue, we propose the robust version of the
contribution measure W 2(α) presented in the previous section for the RFE-SVM method Eq. (9). For
this approach, the margin is inversely proportional to the Euclidean norm of the weight vector, which
can be rewritten using the coefficients s from Formulation Eq. (7) and the new kernel function. The
contribution measure follows:

W 2(s) = s�Ks. (14)

The modified algorithm for kernel-based backward elimination (SOCPSVM-BFEnl, second-order
cone programming SVM – Backward Feature Elimination, nonlinear case) is presented as Algorithm 2:

Algorithm 2 SOCPSVM Backward Feature Elimination – nonlinear case
Input: The full set of features S
Output: An ordered set of features S†
1. S† ← ∅
2. repeat
3. α← SOCP-SVM Training (Formulation (7)).
4. I ← argminI

∑
p∈I |W 2(s)−W 2

(−p)(s)|, I ⊂ S .
5. S ← S \ I .
6. S† ← (S†,I).
7. until S = ∅

In step 4 of Algorithm 2 we define W 2
(−p)(s) = s�K(−p)s, which means, we construct the kernel

function with attribute p removed from the training vectors x, where K = [K11,K12;K21,K22], with
Krs represents the matrix with entry (i, j), (Krs)i,j = K(x

r(−p)
i ,x

s(−p)
j ), for r, s = {1, 2} and x

(−p)
i

means training object i with feature p removed.
To reduce computational complexity of the proposed algorithm, we use a similar approximation as

that described in Guyon et al. [17], in which the vector s used in W 2
(−p)(s) is set equal to the solution of

Eq. (7) even if a feature has been removed.

5. Numerical experiments

In this section we briefly describe the benchmark datasets and provide the classification results using
different feature selection methods.

5.1. Datasets and experimental settings

We applied the proposed approaches for feature selection and the alternative methods, Fisher Score,
l1-SVM and its extension to SOCP by Bhattacharyya [7] (l1-SOCP), the method l0-SVM, and SVM-
RFE (for both linear and nonlinear feature selection) to three well-known DNA microarray benchmark
datasets, which have already been used for benchmark feature selection algorithms (see, for exam-
ple, [32,39]):
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– Colorectal Microarray (CoMA) [4]: The CoMA dataset contains the expression of the 2000 genes
with the highest minimal intensity across 62 samples (40 tumor and 22 normal).

– Lymphoma Microarray (LyMA) [2]: The LyMA dataset contains the gene expression of 96 samples
(61 malignant and 35 normal) described by 4026 features.

– Lung Microarray (LuMA) [6]: The LuMA dataset contains the gene expression of 181 samples (31
malignant and 150 normal) described by 12533 features.

The first step of the evaluation is model selection. We compare the results of the best model found
using a standard model selection procedure for linear SVM and kernel-based SVM (Gaussian kernel)
without feature selection. We evaluate the effectiveness of the learner by its percentage of correct predic-
tions (classification accuracy), and by the arithmetic mean of the true positive rate and the true negative
rate which represents the Area Under the Curve (AUC) when only one run is available [31].

For feature selection we follow the procedure presented in Victo Sudha George and Cyril Raj [36]:
training and test subsets are obtained using a leave-one-out cross-validation, which is a common pro-
cedure for tumor prediction with DNA microarray data [21]. Feature selection and classification are
then performed on the training set and the classification performance (accuracy and AUC) is finally
computed by averaging the test results. We consider four classifiers: linear SVM, nonlinear SVM with
gaussian kernel, linear SOCP-SVM with C = 1, and nonlinear SOCP-SVM with gaussian kernel (C = 1
and σ = n

5 , with n the number of selected features). The values for these parameters were selected based
on a grid search performed for these data sets in previous works (see [22,26]). For the robust approaches
we consider that η = η1 = η2 and we study the following values of η = {0.2, 0.4, 0.6, 0.8}. The
values for parameter η are chosen based on the paper Bhattacharyya [7] to provide a fair comparison
between our approach and l1-SOCP. Among feature selection methods, l1-SVM and l1-SOCP are stud-
ied as both feature selection and classifier, while Fisher Score, l1-SVM, l0-SVM, SVM-RFE and the
proposed SOCP-BFE for linear and non-linear classification are used as feature ranking. Then the re-
spective classification method is trained for an increasing number of ranked features. We compare our
results choosing the number of variables indicated in Rakotomamonjy [29]:

– CoMA: n = {10, 20, 50, 100, 250, 500, 1000, 2000}.
– LyMA: n = {10, 20, 50, 100, 250, 500, 1000, 2000, 4026}.
– LuMA: n = {10, 20, 50, 100, 250, 500, 1000, 2000, 4000, 12533}.
Notice that the last value represents the full set of variables, which is used to illustrate the performance

of all methods considering the same starting point. For this procedure we used the Spider Toolbox for
Matlab for standard SVM approaches [37] and the SeDuMi Matlab Toolbox for SOCP-based classi-
fiers [33].

5.2. Classification performance summary

Table 1 summarizes the results obtained for each feature selection approach and for the three datasets.
From these results we obtained the mean performance for each method by averaging all the different
subsets of attributes, and the maximum performance in terms of AUC with the respective number of
ranked features is displayed in Table 1. These metrics provide a good comparison point for all methods,
balancing accuracy and stability.

Table 1 presents the best performance considering in the first group all the linear alternative approaches
based on linear SVM: SVM-RFEl (recursive feature elimination SVM, linear elimination), l0-SVM,
Fisher Score (for feature ranking) and SVM classification, l1-SVM for feature ranking (l1-SVMr) and
for automatic feature selection (l1-SVMe), and the l1 extension to second order cones (l1-SOCP). The
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Table 1
Performance summary for different feature selection approaches. All datasets

CoMA dataset LyMA dataset LuMA dataset
Mean Max Feat. Mean Max Feat. Mean Max Feat.

SVM-RFEl 83.1 86.9 10 92.7 95.5 100 96.6 96.7 10
Fisher+SVM 79.7 83.4 50 92.7 95.5 1000 97.8 98.4 20

l0-SVM 79.4 82.4 100 93.5 95.5 50 96.4 96.7 20
l1-SVMr 81.7 85.9 10 93.9 95.5 20 96.4 96.7 50
l1-SVMe * 85.9 217 * 93.9 62 * 95.0 41
l1-SOCP * 71.1 64 * 95.5 89 * 98.4 23

SVM-RFEl 85.2 90.5 250 93.8 95.5 50 96.7 96.7 10
SVM-RFEnl 86.5 90.5 100 93.0 95.5 100 96.6 96.7 20
Fisher+SVM 86.4 86.9 20 93.8 96.2 100 97.6 98.4 100

l0-SVM 84.7 88.2 250 94.0 97.0 50 96.7 96.7 20
l1-SVMr 85.3 89.2 10 93.4 95.5 100 96.7 96.7 20

SOCP-BFEl 87.2 89.2 10 93.8 95.5 50 98.2 98.4 10
SOCP-BFEnl 87.2 89.2 10 94.3 97.0 100 98.0 98.4 20

second block includes linear and nonlinear alternative approaches using a kernel-based SVM classifier:
SVM-RFEl and SVM-RFEnl (recursive feature elimination SVM, linear and nonlinear elimination),
l0-SVM, Fisher Score (for feature ranking) and nonlinear SVM classification, and l1-SVM for feature
ranking (l1-SVMr). Finally, the third block presents our proposal: the backward feature elimination
method based on linear SOCP-SVM (SOCP-BFEl) and kernel-based SOCP-SVM (SOCP-BFEnl).

Table 1 shows the following results:
– The best overall performance (based on mean AUC) for all datasets is achieved with our backward

elimination methods based on SOCP-SVM. This result confirms the theoretical advantages of the
approaches. However, none of the methods based on their maximum performance performs best in
all datasets.

– The best overall performance is obtained with the linear version for the LuMA dataset, with the
kernel-based version for the LyMA dataset, and for the CoMA dataset both approaches behave
similarly. From these results we conclude that there is no significant gain in terms of predictive per-
formance from using the nonlinear version of our method compared to the linear version, although
for alternative approaches we observed a clear benefit in using nonlinear SVM as the baseline clas-
sifier (second block of methods), compared to linear SVM (first block of methods).

– Embedded methods are very interesting alternatives when the desired number of attributes in the
final classifier is unknown and we want to set it automatically. However, for high dimensional
datasets, the risk of achieving poor results is higher compared with ranking methods. The l1-SVMe

classifier achieved great performance for the CoMA dataset, similar to the best performance with
ranking methods. On the other hand, l1-SOCP accomplished very good performance for the LyMA
and LuMA datasets, but failed at identifying the relevant features for the CoMA dataset.

Next, a comparison between our approaches and the best linear and nonlinear alternative approaches
is presented for each dataset. We consider this approach for visualization purposes, instead of presenting
all methods together. The best approaches were selected based on their mean performance. For all robust
formulations we consider the best solution for the different values of η = {0.2, 0.4, 0.6, 0.8}. Figure 1
presents a graphic representation of the predictive performance for an increasing number of ranked
features for all three datasets.

In Fig. 1 we first notice that the best alternative approach differs in all datasets: SVM-RFEl and SVM-
RFEnl, l1-SVM (linear SVM) and l0-SVM (nonlinear SVM), and Fisher Score with linear and nonlinear



S. Maldonado and J. López / An embedded feature selection approach for support vector classification 1269

No. of Selected Features

LO
O

C
V

 B
. A

U
C

SVM−RFEl
SVM−RFEnl
SOCP−BFEl
SOCP−BFEnl

80
82

84
86

88
90

10 20 50 100 250 500 1000 2000

(a) CoMA dataset

No. of Selected Features

LO
O

C
V

 B
. A

U
C

l1−SVMr
l0−SVM
SOCP−BFEl
SOCP−BFEnl90

92
94

96
98

10 20 50 100 250 500 1000 4026

(b) LyMA dataset

No. of Selected Features

LO
O

C
V

 B
. A

U
C

Fisher+SVMl
Fisher+SVMnl
SOCP−BFEl
SOCP−BFEnl94

95
96

97
98

99
10

0

10 20 50 100 250 1000 4000 12533

(c) LuMA dataset

Fig. 1. LOO AUC versus the number of ranked variables for different feature selection approaches. (Colours are visible in the
online version of the article; http://dx.doi.org/10.3233/IDA-150781)

SVM were considered for the CoMA, LyMA and LuMA datasets, respectively. Although the results
may seem similar between the proposed and alternative methods and the gains may not appear to be
significant, we observed clear differences in performance when comparing each alternative method one
by one with our proposals.

In Fig. 1(a) we observe that SVM-RFEl is outperformed by SVM-RFEnl and our proposals, which
behave similarly. While our methods are stable and achieve the best performance with 10 attributes,
SVM-RFEnl has its peak with 100 variables and then decreases its performance significatively by 10
attributes. For the LyMA dataset Fig. 1(b), all methods behave relatively similar, improving their per-
formance by reducing the dimensionality to 50–250 features, but then accuracy decreases significantly
for 10–20 variables. The method l0-SVM with a kernel-based classifier and SOCP-BFEnl achieved the
best performance. Finally, Fig. 1(c) presents the results for the LuMA dataset, where more stable results
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Table 2
Sensitivity for parameter η. ANOVA test for all datasets

CoMA dataset LyMA dataset LuMA dataset
SOCP-BFEl 0.011 0.00 0.07
SOCP-BFEnl 0.17 0.00 0.15

Table 3
Sensitivity for parameter η. LyMA dataset

10 20 50 100 250 500 1000 2000 4000
SOCP-BFEl η=0.2 90 89.3 93.2 91.6 90 88.4 86.7 86.7 86.7
SOCP-BFEl η=0.4 86.7 88.4 90.7 92.4 92.4 90 88.4 90 90
SOCP-BFEl η=0.6 90.9 92.4 95.5 95.5 95.5 93.9 93.9 93.9 92.4
SOCP-BFEl η=0.8 86.9 91.6 95.5 97 95.5 93.9 93.9 93.9 93.9
SOCP-BFEnl η=0.2 89.3 90.1 93.2 91.6 91.6 90 88.4 86.7 88.4
SOCP-BFEnl η=0.4 86.7 88.4 93.9 92.4 93.9 90 88.4 93.2 91.6
SOCP-BFEnl η=0.6 90.9 92.4 96.2 95.5 95.5 93.9 93.9 93.9 93.9
SOCP-BFEnl η=0.8 91.6 93.1 95.5 97 95.5 93.9 93.9 93.9 93.9

were obtained for all methods, but we consider SOCP-BFEl to be the best approach since it has perfect
performance using all attributes, and the best feature selection results with 10 variables.

Regarding computational complexity of our proposal, the SOCP-BFE algorithm is similar to the back-
ward procedure followed by SVM-RFE, whose complexity is of the order of max(n,m)m2 = n ∗m2

considering the operations of SVM (computation of the kernel and its inversion) and the successive
backward elimination steps with a decreasing number of variables (assuming a reduction by a factor of 2
at each iteration) [16]. These embedded methods computationally more expensive than filter techniques,
but considerably more efficient than wrapper approaches that perform exhaustive search. Our proposal
is suitable for large-size microarray datasets, such LuMA, since SOCP-BFE can be trained in less than
one minute running time.

5.3. Influence of the hyperparameters and discussion

In this subsection we report the performance of the proposed feature selection methodologies by per-
forming sensitivity analysis of parameter η, characterizing its influence on the final solution. Our goal
was to assess whether the results are stable along different values of this parameter. If this is the case, a
less rigorous validation strategy can be used. In contrast, high variance in the performance would require
more exhaustive model selection in order to find the best combination of parameters.

We monitored the performance of our proposals by varying the different values of η. For these exper-
iments we constructed ANOVA tests to assess the influence of η on each method and dataset. Table 2
presents their respective p values for these ANOVA tests.

In Table 2 we observe that the differences are not statistically significant for the case of the CoMA
and LuMA datasets (p values above 0.01), while a stronger influence of parameter η is detected for the
LyMA dataset (p values below 0.01). The detailed results for this dataset are presented in Table 3 as
illustrative example.

From Table 3 we see better performance for higher values of η (0.6 and 0.8) compared to lower ones
(0.2 and 0.4). We conclude that the models are relatively robust in the context of the parameter setting,
although it is important to set parameter η using cross-validation and considering the values presented
in this work (or a broader range of them) to achieve best results.
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6. Conclusions

We presented two backward elimination approaches for feature ranking using the robust SVM formu-
lation with second-order cones. A comparison with other feature selection and classification approaches
in high dimensional applications (such as microarray datasets) showed the advantages of the proposed
strategies:

– They achieve the best performance compared with other feature ranking techniques in terms of
classification accuracy based on their ability to construct robust classifiers by assuming the worst
distribution of the data and directly controlling the error rate via the parameter η.

– They result from extending the work of Bhattacharyya [7] on embedded feature selection and clas-
sification for SOCP-SVM, and proposing a backward elimination approach that considers the use
of the Euclidean norm in the formulation, instead of sacrificing the structural risk minimization
principle by replacing it with the l1 norm.

– Our nonlinear approach allows the use of kernel functions for nonlinear feature selection and clas-
sification, giving flexibility to the model construction.

– The strategy presented here performs a ranking of features, and the model selection procedure be-
comes the assessment of different classification techniques for an increasing number of ranked fea-
tures. This is in contrast to the construction of a single solution that may lead to poor classification
performance.

In Section 5 we propose a strategy for avoiding uneven comparison between linear and nonlinear
methods, considering similar efforts in both cases. Although no significant gain is obtained in our ex-
periments by using kernel methods, the proposed strategy has the potential of achieving better results
under a more exhaustive model selection, by embedding it in the feature selection process. Given the
noteworthy results achieved while combining SOCP-SVM for feature ranking with the same approach
for classification, we suggest performing a grid search for parameters C and σ at each iteration of the
algorithm, and monitoring the performance in order to obtain a final solution during the process, without
considering feature selection and classification as independent problems. According to our results, the
success of a nonlinear backward elimination is strongly dependent on the right definition of the hyper-
plane, and in particular, on the correct setting of the parameter σ for high dimensional applications.

The experimental procedure also allows comparison between the traditional SVM classifiers and its
robust versions for both linear and nonlinear cases. According to our results, the robust version of SVM
leads to consistently better results in terms of AUC compared to the traditional SVM classifier, resulting
in an attractive alternative. The main drawback, however, is the running time of the algorithm under
SeDuMI toolbox.

There are several opportunities for future work aimed at improving this strategy. First, there is a
pressing need for more efficient implementations of second-order cone programming formulations, and
in particular applied to SOCP-SVM. We are currently working on efficient strategies for feature selection
and model selection to reduce computational times, but faster implementations are necessary for the
method to become a real alternative to traditional SVM. Secondly, given that feature selection can be
cast to a non-convex optimization problem, based on the minimization of the “zero norm” (as presented
in Section 3), extensions of the l0 penalization strategy to SOCP-SVM represent an interesting research
opportunity. Finally, SOCP-SVM presents interesting properties for classification on highly imbalanced
datasets, a very relevant topic in pattern recognition given the vast field of applications [24,34]. Since the
parameter η controls the Type I and Type II errors, a differentiated value of this parameter may help to
construct better classification functions that consider the costs of both types of errors [28]. Subsequently,
wrapper or embedded feature selection can be performed using these classifiers, selecting those attributes
that are relevant for identifying rare cases from the target class [24,34].
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