Pattern Recognition 48 (2015) 1598-1607

journal homepage: www.elsevier.com/locate/pr

Contents lists available at ScienceDirect PATTERN
RECOGNITION

Pattern Recognition

A multi-class SVM approach based on the [;-norm minimization
of the distances between the reduced convex hulls

@ CrossMark

Miguel Carrasco?, Julio Lépez”, Sebastian Maldonado **

2 Universidad de los Andes, Mons. Alvaro del Portillo 12455, Las Condes, Santiago, Chile
Y Facultad de Ingenieria, Universidad Diego Portales, Ejército 441, Santiago, Chile

ARTICLE INFO

Article history:

Received 25 July 2014

Received in revised form

29 November 2014

Accepted 8 December 2014
Available online 17 December 2014

Keywords:

Multi-class classification
Support vector machines
Linear programming

ABSTRACT

Multi-class classification is an important pattern recognition task that can be addressed accurately and
efficiently by Support Vector Machine (SVM). In this work we present a novel SVM-based multi-class
classification approach based on the center of the configuration, a point which is equidistant to all
classes. The center of the configuration is obtained from the dual formulation by minimizing the
distances between the reduced convex hulls using the [;-norm, while the decision functions are
subsequently constructed from this point. This work also extends the ideas of Zhou et al. (2002) [37] to
multi-class classification. The use of l;-norm provides a single linear programming formulation, which
reduces the complexity and confers scalability compared with other multi-class SVM methods based on
quadratic programming formulations. Experiments on benchmark datasets demonstrate the virtues of
our approach in terms of classification performance and running times compared with various other
multi-class SVM methods.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Support Vector Machine (SVM) is a well-known machine
learning method, which has been used frequently in classification
problems because of its strong theoretical foundation and its good
performance in practice. Its extension to multi-class learning has
been reported extensively in the literature: while some methods
solve a series of binary problems, others attempt to construct a
single optimization formulation to obtain the classification hyper-
planes simultaneously [9]. However, training times can be prohi-
bitively long for both cases, even with specially tailored quadratic
programming solvers, growing exponentially with the number of
classes in the problem.

In this work we propose an SVM-based linear programming
formulation to solve the multi-class classification problem effi-
ciently. While most [;-norm SVM formulations are related to the
primal form of SVM, where the Euclidean norm of the weight vector
is replaced by the [;-norm (also known as LASSO penalty), here we
follow a completely different strategy. We based our work on the
concept of the center of the configuration [1,16] to obtain a point
which is equidistant to all classes, while the classification functions
are constructed based on this point. This novel formulation provides
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a geometrically grounded interpretation of the model, while the use
of the l;-norm to find the center of the configuration results in a
convex programming problem that can be reduced to an efficient
linear programming model (see e.g. [5,12]).

This paper is structured as follows: Section 2 introduces SVM
for multi-class classification. The proposed linear programming
approach for multi-class SVM is presented in Section 3. Section 4
provides experimental results using benchmark datasets. A sum-
mary of this paper can be found in Section 5, where we provide its
main conclusions and address future developments.

2. Multi-class support vector machines

In this section we describe the multi-class Support Vector
Machines approach in its three most common forms (one-ver-
sus-all SVM, one-versus-one SVM, and k-class SVM). Additionally,
we present recently developed SVM approximations for multi-
class classification, which are highly optimized implementations
designed to achieve reduced training times [10].

2.1. One-versus-all support vector machines

One-versus-all SVM is the simplest and probably the earliest
formulation for multi-class SVM [9]. This approach constructs K
binary SVM classifiers, where each one separates one class from
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the remaining training patterns. The k-th SVM classifier is trained
with all examples of the k-th class, labeled as the positive class,
while the remaining ones have a negative label. Formally, for m
training points of the form (Xq,¥;), ..., Xm,Y,,), Where x; e R" is a
feature vector representing the i-th sample, and y; € {1,2,...,K} is
the class label of x;, the k-th SVM solves the following problem:

. 1 B mo e
min 5 [l +C ¥ &
i=1

Wby &
st Jiw) Xi+b)=1-&
g>o0, i=1,..,m, 1
where ;=1 if y; = k and y; = — 1 otherwise. The decision function

is given by f;(x) =w,] - X+b;. A new sample x will be classified in
the class which attains the greatest value of f;(x), that is, x is in the
k*-th class when f«(x)=max{f,(x): k=1,...,K}. In the excep-
tional case when this maximum is attained in more than one
class, sample x is classified in the class associated with the lowest
index k* by convention.

Note that in the binary case (when K=2), Problem (1) reduces
to the classical SVM problem [31].

2.2. One-versus-one support vector machines

Another important SVM-based multi-class classification method
is known as one-versus-one (OvO) Support Vector Machine [17].
This method constructs K(K—1)/2 binary SVM classifiers, one for
every pair of classes. For training data from the k-th and the [-th
classes, k # | (k < 1), OvO-SVM solves the following binary classifica-
tion problem:

. 1 ki
min - Slwl® +C2g
Wig.by £ i

st Wy - Xi+by=1-&" ify, =k

kl
i

_(ng 'Xi+bkl)21—§- if_y,'=l,

f’ZO, i=1,...,m+m, (2)

where m; denotes the number of elements of the class k. The
decision function is given by f;(X) =w,} - X+by,.

Classification of new examples is performed by a max-wins
voting strategy [13], in which each data point is assigned to one of
the two classes, increasing the vote for the assigned class by one.
Finally, the class with the maximum number of votes determines
the classification of each instance. This strategy can also be
adapted to filter out non-competent classifiers [14].

2.3. k-Class support vector machines

In Weston and Watkins [36], an all-together approach for multi-
class SVM by solving one single optimization problem was pro-
posed. This approach constructs K binary classifiers simultaneously.
The formulation of this approach (k-class SVMs) is given by

. 1 k ) n K "
min = Y lwll“+C ¥ > i
web g 2K ISk TRy,

s.t. (W; -X,'-I—byi)—(WI;r -xi+bk)22—§f-‘,
>0, i=1,..m ke{l,...K}\y;. 3)

The decision function is similar to that of the OvA-SVM
formulation, that is, a new sample x belongs to the class k* iff
kK*=arg maxy_1,_ x{W, -X+by}. Different variations of this
approach have been proposed in the literature. For instance,
Crammer and Singer [7] extend the SMO decomposition algorithm
based on the dual formulation of SVM to multi-class classification,
leading to a fast and efficient kernel machine. An alternative

multi-class formulation to k-class SVMs can be found in Lee
et al. [18].

2.4. Optimized SVM approximations

In this section we briefly describe three highly optimized SVM
approximations, which are used for benchmarking purposes in the
experimental section. These state-of-the-art approaches are Pega-
sos, Adaptive Multi-Hyperplane Machine (AMM), and Budgeted
Stochastic Gradient Descent (BSGD).

The first approach, Pegasos, is an iterative algorithm that alter-
nates between stochastic sub-gradient descent steps and projection
steps. This algorithm was proposed by Shalev-Shwartz et al. [29] for
binary classification, and then extended to multi-class by Wang et al.
[32]. The AMM method approximates a non-linear decision bound-
ary via multiple linear classifiers [34]. The method is trained via
Stochastic Gradient Descent (SGD). Finally, the BSGD method main-
tains a fixed number of support vectors in the model, and incre-
mentally updates them during the Stochastic Gradient Descent
training [33].

3. Proposed multi-class SVM approaches based on the center
of the configuration

In this section, we present a novel multi-class classification
approach based on the [;-norm minimization of all distances with
respect to the center of the configuration. Geometrically speaking, the
idea behind this approach is to minimize the distances between all
reduced convex hulls using the l;-norm. We first revisit the concept of
the center of the configuration presented in two approaches, namely
AD-SVMs [1] for standard SVM, and Scatter SVM [16] for -SVM, and
present a novel geometric approach based on the L-norm based on
the center of the configuration and the concept of reduced convex
hulls, highlighting the differences and similarities with these works.
Two linear formulations that can be derived from this geometric
approach are subsequently presented: one considers p as an addi-
tional decision variable of the optimization problem (l;-CCSVM,,), and
the other uses an explicit value for p (;-CCSVM,). The kernel version
related to the latter linear formulation is described subsequently.
Some extensions and properties regarding the relationship between
our proposals and other approaches are discussed at the end of the
section.

3.1. Center of the configuration: notation and preliminaries

The idea of the center of the configuration was introduced by
Nanculef et al. [1] for standard SVM (AD-SVM formulation) and [16]
for £-SVM (Scatter-SVM). Let us consider X = [x§...xk e R™™ a
data matrix, for k=1, ...,K. Each column x;‘ e R" of X, corresponds
to a feature vector representing the i-th sample related to the class
k. We denote the reduced convex hull of the class associated with X
by RCo(X), that is,

RCoX):=(Xp:e"u=1, 0<pu<Ce),
where C < 1 is a real fixed parameter and e is the vector with all one
entries (see [4,8] for details about reduced convex hulls).

We start by finding a point equidistant to all classes that

minimizes the distance between their reduced convex hulls. This
can be obtained by solving the following minimization problem:

1 K

min = X, — Pl

mir 2:2’1 IXite — Pl
st. e"u,=1, 0<p,<Ce, k=1,...,K. 4)

The constraints of this problem require that C > 1/Np,;,, where
Npin denotes the number of points in the smallest class.
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Graphically, the center of the configuration for a two-dimen-
sional toy example with three classes can be represented as in
Fig. 1.

In this formulation we call p the center of the configuration of
the multi-class problem [1]. Jenssen et al. [16] refer to it as the
arithmetic mean because Problem (4) is unconstrained with
respect to p, so then, p can be computed in terms of p, as

1 K
P=¢ 2 Xy (5)
k=1

The inclusion of this explicit value for p leads to the following
formulation, which will allow the use of kernel functions:

. 1K X 1 K x 5 6
min EIE:] [ kﬂk*ﬁlg iyl (6)
st. e'p=1, 0<p,<Ce, k=1,.. K. @)

Remark 1. The proposed formulation differs from the one pro-
posed by Nanculef et al. [1] in the optimization strategy (they
minimize the distances among all the reduced convex hulls), and
in the computation of the center of the configuration (according to
Nanculef et al. [1], p is obtained heuristically).

In order to obtain a kernel-based formulation of Problem (6)-
(7), we replace the inner products (x"x!), gq=1,...my,
r=1,...,m;, that result from expanding the quadratic term of
the objective function, with any function K : R" x R" — R satisfying
the Mercer condition [23]. Using this kernel function the quantity
(x£Tx}) is replaced by (Ky),, computed as

(Ki)gr = KX, Xy).

The Gaussian kernel, defined by K(u,v)=exp(— [[lu—v]||?/26?)
with o€ R, and the polynomial kernel K(u,v)=uTv+1)? with
d e N are kernel choices (see e.g. [22,28]). Let Ke R™™ denote a
symmetric matrix formed with the blocks Kj,. It should be noted
that the Mercer condition ensures the positive semidefiniteness of
the matrix K. Following the ideas of Nanculef et al. [1] and Jenssen
et al. [16], the kernel-based formulation follows

N YA 1.
i 3 )

st. eTu=1 0<p,<Ce k=1,..K, (Pker)
where g =[p;; py; ... pg) € R™.
The classification functions are given for each class by
My
frx) = 21 Hig KX XE) +b, k=1,...K. 8)
q =

Remark 2. It is not difficult to see that (Py) is equivalent to that
studied by Nanculef et al. [1]. In that work, the authors introduce
linear and nonlinear kernels and consider the classification function
frx)=w, (x—p) with p=(1/K) XX _,w, and w; = X,p,. Addition-
ally, adding the constraint 4 " e =K to the Formulation (6)-(7) and
(Prer), they coincide with that given by Jenssen et al. [15,16]. This
constraint is related to the v-SVM formulation. The authors also
propose the following classification function: f(x)=w,” x/llwl.
This function corresponds to the angular spread with respect to the
class representatives [15,16], i.e. the data points that support the
center of the configuration (Xyp,, X245, and X3p5 in Fig. 1).

3.2. Proposed linear formulations
We first propose studying a linear programming formulation

based on the [;-norm where the center of the configuration is a
part of the optimization problem. We recall that for a given x e R"

Fig. 1. Geometric illustration of Problem (4).

Fig. 2. Comparison between the l,-norm and the [;-norm formulations based on
the center of the configuration.

we define [|X||1 = XI_ ;1x;|. The method [;-CCSVM,, can be formu-
lated as follows:

K
min ¥ [IX, —Pplh )
HeP 2
st. eTp=1, O0<p,<Ce, k=1,.. K. (10)

Fig. 2 provides a graphic representation of the previous
formulation, where the solution of the l,-norm from Formulation
(4) (p2) is compared with the l;-norm (p,).

In Fig. 2 we observe a slight change in the center of the
configuration compared to the one obtained with the [,-norm
formulation since the support vector related to the second pattern
shifted from X,pu, to X,pu%. Both centers assure the correct classifica-
tion of all training patterns using an adequate classification function.
The [;-CCSVM,, formulation corresponds to a convex programming
problem, but the objective function || - ||; is not differentiable at O,
which can be a difficulty in practice. Nevertheless, ;-CCSVM,, can be
transformed to a linear programming problem by making the
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following substitutions (see [5,12]):

Xty —P ==V, Xy —pli=e’ (W+vy), uw,v>0.

Then, a solution of (9)-(10) can be obtained by solving the
following equivalent linear formulation:
K
i T
ﬂkg:llll?v"k k§1 € (uk+Vk)
st w—vi=Xu,—p, k=1,....K,
e'p,=10<p,<Ce, k=1,..,K,

k=1,...,K (PLp)

In order to derive a dual formulation for the problem above we
computed its optimality conditions. The Lagrange function of PL? is
given by

u, v >0,

K
Ly, p, g, Vi, by, si, € Wi, ., B)) = kZ e’ (w+vy)+be g —1)
=1

- SkT”k +§Ij (ﬂk - Ce) _alj uy
B V=W (W — Vi — Xt + D). (11)

Therefore, the optimality conditions of (PL?) are given by (k=1,...,
K)

Vu, L = bye—s,+&+X w, =0, (12)

VpL = ZWk =0, (13)
k

VukL:e—wk—ak:O, (14)

VyL=e+w,—f,=0, (15)

with

sem=0, & u—Ce)=0, alu =0 pv,=0,

where sy, &, ay, B, > 0.
Since ay, B, >0, from (14) and (15) it follows that

k=1,...K.
On the other hand, from (12) and the fact that s, > 0 we get
k=1,... K.

—e<wi<e,

X,Iwk+bke+§k >0,

By using (12)-(14), we obtain the dual formulation of (PL?) as
follows:

) K T
min > (b +CE, e)

wibe€ k=1
st. X{wi+be+&, =0, k=1,..,K,
—-e<wi<e, k=1,..,K,
£E.>0, k=1,.,K,
K
2 wi=0. (DLp)

k=1

Since formulations (PL?) and (DLP) are feasible, we conclude by
the strong duality theorem for linear programming (see [19,
Chapter 4]) that both problems have optimal solutions and also
satisfy v(PLP)+v(DL?) = 0, where v(PL?) and v(DL?) are the optimal
values of PLP and DIP, respectively. This conclusion is important
since we can then use either (PLP) or (DLP) and achieve the same
solution.

As mentioned earlier in this section, an alternative formulation
is proposed based on the following expression for the center of the
configuration:

1 K
P= R k§1 Xkl‘k

Fig. 3. Comparison between formulations [;-CCSVM, and I;-CCSVM,,.

Including this equation in problem (9)-(10), we obtain the
following model (11-CCSVMe):

K
min Y [IXiy,— Pl
H k=1

st. e"p,=1, O0<p,<Ce, k=1,..,K,
K

P=r > Xy (PLe)
k=1

We observe that the previous formulation is strongly related to
Formulation (6)—(7), but the [;-norm is used instead of the l,-norm
to minimize all distances with respect to the center of the config-
uration, conferring scalability to the approach. Fig. 3 illustrates the
difference between methods I;-CCSVM, and 1;-CCSVM,, in terms of
the position of the center of the configuration. Again, we observe
only a small change in its position, demonstrating the robustness of
the [;-norm in computing distances between all data points. Using
an appropriate classification function, all training instances can be
shattered adequately.

Similar to the derivation of the dual formulation for I;-CCSVM),,
the dual problem of the formulation [;-CCSVM, is the following
linear program:

. K T
min Z (bk+C§k e)

Wb k=1

XJ W—wW)+be+&,>0, k=1,..,K,

—-e<wi<e, k=1,.,K,

£ >0, k=1,...K,
1 K

W:*ZW,< (DLe)
K=,

Again, thanks to the strong duality theorem for linear program-
ming, both the primal and the dual formulation can be used
interchangeably.

Remark 3. Note that if (wy, by, &) is a feasible solution of for-
mulation (DL?) then the point l(w,—W),by.&,) is a feasible
solution of (DILP). The inverse is not true in general.

3.3. Kernel-based formulation

Based on the kernel-based formulation presented in Section
3.1, we propose a nonlinear kernel formulation for [;-CCSVM,. Let
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us assume that
1 K
Wk:Xkﬂk—E > X fork=1,..,K,
1=1

then it is easy to see that Y,w,=0. Using this result, the
inequality constraints of the dual form of [{-CCSVM, can be
rewritten as

1 K
XkTXkﬂk—El§1XJX1ﬂ1+b,<e+§k >0, k=1,...K.

Similar to Section 3.1, we replace the dot products of the form
X, X, by a kernel matrix Ky;. The (g, r) entry of the kernel matrix is

Ki)gr = KXE XD, q=1,....my, r=1,..,m,

where £ : R" x R"— R is any function satisfying the Mercer con-
dition. Taking previous equations into account, we propose the
following kernel-based formulation (I;-CCSVMy):

K
min 3 (b + C§,<T e)
Hibe&e k=1

1 K
s.t. Kkkﬂk—ElZl K,d;t,+bke+§k >0, k=1,...,K,

—e<pu.<e, k=1,...K,

£ >0 k=1,...K (PLK)

3.4. Test rules for classification

In this work we study three classification functions found in the
literature. First, we consider the standard OVA function based on
the hyperplanes constructed from the weight vector, in their linear
form, and in the kernel-based version:

fix)=w, -x+b,, k=1,..,K, (16)

my
frx) = E]ﬂkqlC(x,xg)erk, k=1,....K. 17)
q:

We also studied the classification function presented by Nan-
culef et al. [1] based on the center of the configuration, which can
be obtained either as the arithmetic mean of the weight vectors
p=(1/K)YK_ wy for [;-CCSVM, or as a part of the optimization
problem for I;-CCSVM,,:

AO=W] -x-p). k=1,...K, (18)

my 1 K m
fk(x): 2 ,ukq (K(X’XE)K Z Z }C(xgaxlr),uqr)= k:L"'aK-
qg=1 I=1r=1

(19)
Finally, we study the classification function related to the work
proposed by Jenssen et al. [15], named Test Rule 1 in that work and
which is based on the angular spread with respect to the class
representatives as
w, X
[l Wy, [l

frx) = , k=1,...,K, (20)

m,
Y KX, k=1,..K. 1)

1
/I Kty 1=1

3.5. Relation to other SVM-based approaches and extensions

f k (X) =

In this section we study the relationship between our proposal
and other SVM models for binary and multiclass classification. First,
we recall the LP-SVM formulation proposed by Zhou et al. [37] for
binary classification. In this formulation, the bound of the VC

dimension is loosened properly, using the I.,—norm [37, Theorem
2.2], resulting in an LP formulation that controls the margin max-
imization directly by including a margin variable r. This variable is
maximized while the empirical risk is minimized simultaneously.
The LP-SVM soft-margin formulation follows

min - —r+Cié, e+, €]

W.b &1
st. X, W+be>re—§&,,
X, W-bje>re—§,,
£,>0, k=12 r>0,
—e<w<e.

Geometrically, the previous optimization problem in its dual
form is equivalent to finding the closest points on the reduced
convex hulls by using 1-norm [4,21]. Zhou et al. [37] also proposed
the following kernel-based formulation:

min  —r+CE e+&) e
Hisbr &y
l(llﬂl —I(]2ﬂ2+be > r—f],
—Koipty +Koppt, +-be > 1§,
£ >0, k=1,2,
—e<pu,<e, k=1,2. 22)

The proposed work can be seen as an extension of the LP-SVM
method proposed by Zhou et al. [37] to multi-class. First, it can be
seen that when K=2, the method [;-CCSVM, reduces to the
following problem:

}}]1;2 1X1pq —Xopz Iy
st. e'u,=1,0<p,<Ce, k=1,2.

The previous formulation is similar to the dual form of LP-SVM
[21]. Based on the LP-SVM method, the following multi-class SVM
formulation can be derived from the soft-margin LP-SVM model:

. K .71
min = —r+C ¥ § e
Wb & k=1
s.t. X,Iv‘vk+5ke2re—ék, k=1,...,K,
—e<wi<e, k=1,..,K,
r>0, &3>0 k=1,..K,
K K .
Y W=0 ¥ b=0. (23)
k=1 k=1

We first note that taking K=2, and denoting by W = W; = — W,
we obtain the soft-margin LP-SVM model proposed by Zhou et al.
[37]. Additionally, the following proposition relates Formulation
(23) with ,-CCSVM,, demonstrating that, in fact, [;-CCSVM,
extends LP-SVM to multi-class classification.

Proposition 3.1. Formulations (23) and [;-CCSVM,, are equivalent.
More precisely, (wy, by, &) is a solution of 1;-CCSVM,, if and only if

r::—%z:bk, Wy=W, bp=b+r and &k::ék ork=1,...K
k

(24
solves Formulation (23).

The proof of Proposition 3.1 is presented in Appendix A.
The following remark also demonstrates that [;-CCSVM, the
kernel-based method proposed in this work, is an extension to
the kernel-based LP-SVM formulation proposed by Zhou et al. [37].

Remark 4. Taking K=2, the formulation (PLx) reduces to
miré by +by+CE e+E, e)

Hi:bie&y

l(ﬂﬂl —1(12ﬂ2 +2b1e+2§] >0,
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— Ko 1y +Koop, +2be+2E, >0,
£ >0, k=12,
—e<pu,<e, k=1,2. (25)

If we choose by =(b—r1)/2, by = —(b+1)/2, and é,( =2&,, with
r > 0, the above formulation is then equivalent to the kernel-based
LP-SVM formulation proposed by Zhou et al. [37].

In addition to LP-SVMV, several SVM extensions have been pro-
posed for efficient classification. The Sphere Support Vector Machine
[30], for example, solves the minimal enclosing ball problem effi-
ciently via an adaptation of the Sequential Minimization Approach
(SMO) [27] algorithm. The Ellipsoidal Support Vector Machine [24]
uses the center of an ellipsoid to approximate the Bayes point, instead
of approximating it by a sphere center, as the standard SVM
formulation does. This new approach leads to a convex quadratic
problem that can be solved efficiently by a variant of the SMO
method. Another strategy that leads to efficient SVM-based imple-
mentations is the concept of mixture-of-experts, which splits the
input data into a number of subregions and trains an SVM classifier
within each region [38]. One of these approaches is the Infinite
Support Vector Machine, which is based on Dirichlet Process [11] for
constructing the mixture of large margin classifiers. The main
differences among these approaches compared with our proposal
are the geometric principles behind the methods: while our approach
is based on finding the center of the configuration via one-norm
minimization, the Sphere Support Vector Machines, Infinite Support
Vector Machines, and Ellipsoidal Support Vector Machines follow
other geometrical approaches, as described above. Another important
difference is the optimization scheme: Sphere Support Vector
Machines, Infinite Support Vector Machines, and Ellipsoidal Support
Vector Machines are quadratic problems, while our method is based
on a convex linear formulation, being, therefore, potentially faster and
more suitable for large scale machine learning than quadratic
methods.

4. Experimental results

We applied the proposed multi-class approach to seven well-
known benchmark datasets for multi-class classification, studying
its different variations. We compare the proposal with standard
SVM (OvO SVM, OvA SVM and k-class SVM), Scatter SVM [16], AD-
SVM [1], Pegasos, AMM, and BSGD [10]. In Section 4.1 we provide a
description of the datasets, while Section 4.2 provides a summary
of the performance obtained for all the proposed and alternative
approaches.

4.1. Datasets and experimental settings

In this section we briefly present the datasets used in this work.
We studied four datasets from the UCI Machine Learning Repository
[3]: Iris, Wine, Glass, and Vowel; one dataset from the Statlog Project
Databases, Segment dataset, also available from UCI Repository; and

Table 1
Number of variables, number of examples and number of classes for all datasets.

Dataset # examples # variables # classes
IRIS 150 4 3
WINE 178 13 3
GLASS 214 13 6
VOWEL 528 10 1
SEGMENT 2310 19 7
GLIOMA 50 4433 4
MLL 72 5848 3

Table 2
Predictive performance for all variations of the proposed approach for all datasets.

Method Iris Wine Glass Segment Vowel Glioma MLL
1;-CCSVM,, d.r. (16) 90.7 95.6 427 53.0 275 72.4 97.6
[;-CCSVM,, d.r. (18) 813 879 597 728 30.3 68.3 95.5
[;-CCSVM,, d.r. (20) 88.0 953 443 432 25.6 25.0 53.6
;-CCSVM,, d.r. (16) 733 959 468 68.5 30.2 741 96.2
1;-CCSVM,, d.r. (18) 827 953 59.6 69.9 338 65.2 95.0
1;-CCSVM,, d.r. (20) 82.0 93.0 37.8 479 29.1 25.0 58.1
1;-CCSVM, d.r. (17) 96.7 985 603 93.8 974 78.7 96.0
1;-CCSVM, d.r. (19) 46.7 433 333 143 67.9 41.1 54.1
1;-CCSVM, d.r. (21) 96.7 981 69.8 97.1 99.5 80.5 97.6

two high-dimensional microarray datasets: MLL [2], and Glioma [26].
Table 1 summarizes the relevant metadata for each dataset:

We performed the following model selection procedure: The
dataset was split into different training and test subsets using 10-
fold cross-validation for the first five datasets, while leave-one-out
validation was used for the microarray datasets. For this work we
studied the balanced accuracy as the main performance metric to
assess predictive performance. This metric corresponds to the
Recall for each class, averaged over the number of different classes.
We used the following set of values for parameter C (4 for the
methods Pegasos, AMM, and BSGD) and o:

C,oe{277,27627°52-4273 2722120 21 22 23 24 25 26 27},

4.2. C(lassification performance summary

We first study the performance of the different variations of
our proposal, which involves:

Method 1;-CCSVM,, using decision rule given by Formula (16).
Method [;-CCSVM,, using decision rule given by Formula (18).
Method 1;-CCSVM,, using decision rule given by Formula (20).
Method 1;-CCSVM_, using decision rule given by Formula (16).
Method 1;-CCSVM_, using decision rule given by Formula (18).
Method 1;-CCSVM, using decision rule given by Formula (20).
Method 1;-CCSVM( using decision rule given by Formula (17).
Method [;-CCSVMy using decision rule given by Formula (19).
Method 1;-CCSVMy using decision rule given by Formula (21).

Table 2 summarizes the results obtained from the model
selection procedure for each variation of our proposal and for all
five datasets. The best performance among all variations in terms
of balanced accuracy is highlighted in bold type.

In Table 2 we first observe that the best performance is
achieved using kernel functions for all datasets. The method [;-
CCSVMg using the decision rule given by Formula (21) performs
better in six out of seven datasets, while [;-CCSVM with the
decision rule given by Formula (17) has better performance on the
Wine dataset. The decision rule given by Formula (19) tends to fail
at constructing adequate classifiers for the kernel-based method
[;-CCSVM. For linear methods, all classification functions tend to
perform consistently, but kernel methods outperform the linear
ones, especially for the more complex datasets (Glass, Segment,
Vowel and Glioma) in terms of number of instances, number of
classes, and class overlap.

Next, the results obtained from the model selection procedure
for all alternative approaches are presented in Table 3. We studied
the linear and kernel-based formulation for standard SVM (OvO
SVM, OvA SVM and k-class SVM), Scatter SVM, AD-SVM, Pegasos
(only available as a linear model), AMM (only available as a kernel-
based model), and BSGD (only available as a kernel-based model).
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Table 3
Predictive performance summary for all alternative approaches and for all datasets.

Table 5
Average running times, in seconds, for all datasets.

Method Iris Wine Glass Segment Vowel Glioma MLL Method Iris Wine Glass Segment Vowel Glioma MLL
Linear k-class SVM  96.0 99.0 573 909 721 805 97.1 k-Class SVM 0748 0”56 6”33 1462713 529”23 0”31 0".24
Linear OVA-SVM 947 986 607 92.7 56.4 787 98.3 OVA-SVM 0"37 0743 1".16 5977 098 0".57 0".57
Linear OVO-SVM 980 986 661 956 90.0 787 97.1 OVO-SVM 0”20 0725 0790 9”15 5”02 0.65 0".46
Linear Scatter-SVM  82.0 945 391 604 401 250 63.6 AD-SVM 0”15 0712 021 45721 0”95 0".01 0".12
Linear AD-SVM 76.0 954 521 573 413 654 98.3 Scatter-SVM 0”15 0712 0”21 45”21 0”.95 0".01 0712
Pegasos (linear) 973 983 514 815 51.7 300 69.3 Pegasos 0705 0704 0".04 0".05 0”.05 0".06 0".10
Kernel k-class SVM 973 99.0 714 983 99.0 787 98.8 AMM 005 07.07 0".08 0”.09 0”11 0723 0".42
Kernel OVA-SVM 973 995 718 975 99.6  80.5 98.3 BSGD 0702 0".02 0".08 2".68 0”73 0”21 0”.61
Kernel OVO-SVM 980 990 722 974 996 787 98.3 L-CCSVM,, ~ 0".03 0".06 0".06 0".87 0".22 2".64 5”.91
Kernel Scatter-SVM  96.7 981 699 97.3 995 787 98.8 -CCSVMec  07.04 07.08 07.10 3".07 0”53 019 0".37
Kernel AD-SVM 960 986 598 950 993 787 98.3
AMM (kernel-based) 96.7 98.3 57.0 839 617 78.0 98.3
BSGD (kernel-based) 96.0 96.7 733 959 983 780 98.6
proposed approach; the QUADPROG solver for Matlab 7.12 for AD-
SVM and Scatter SVM; the Budgeted SVM toolbox [10] for Pegasos,
AMM, and BSGD; and the spider toolbox [35] and LIBSVM [6] were
Table 4

Predictive performance summary for all approaches and for all datasets.

Method Iris Wine Glass Segment Vowel Glioma MLL
k-Class SVWM  97.3  99.0 71.4 98.3 99.0% 787 98.8
OVA-SVM 97.3 99.5 71.8 97.5 99.6 80.5 98.3
OVO-SVM 98.0 99.0 72.2 97.4 99.6 78.7 98.3
AD-SVM 96.0 98.6 59.8%*  95.0% 99.3 78.7 98.3
Scatter SVM  96.7 98.1 69.9 97.3 99.5 78.7 98.8
Pegasos 973 983 51.4**  81.5™* 51.7*%  30.0™ = 69.3**
AMM 96.7 983 57.0™  83.9%* 61.7%* 78.0 98.3
BSGD 96.0 96.7%* 733 95.9 98.3 78.0 98.6
;-CCSVM 96.7 98.5 69.8 97.1 99.5 80.5 97.6

The best performance among all methods in terms of balanced
accuracy is highlighted in bold type.

Again, we observed that the kernel-based versions perform better
than the linear versions of each method. Table 4 summarizes the best
performance for each method in all datasets. The best performance
among all methods in terms of balanced accuracy is highlighted in
bold type. We also indicate with one asterisk where the performance
is significantly lower than the best method at a 10% significance level,
and with two asterisks at a 5% significance level. A t-test is used to
make pairwise comparisons between the mean of each approach and
the best method for a particular dataset.

From Table 4 we observe that the proposed methods are never
outperformed by the best approach for each dataset. There is also
no approach that performs consistently better than the others:
OVO-SVM, OVA-SVM, and k-class SVM are the best method two out
of seven times, while Scatter SVM, BSGD, and the proposed [;-
CCSVM are the best methods one time each. The worst performance
is obtained with Pegasos since five out of seven times performs
significantly worse than the best method once at a 5% significance
level, followed by AMM with significantly lower accuracy three out
of seven times. AD-SVM is significantly lower than the best method
once at a 5% significance level and once at a 10% significance level,
while k-class SVM and BSGD are significantly lower than the best
method once at a 10% significance level.

The proposed approach is based on a linear programming for-
mulation, which is more efficient and less time consuming than
quadratic programming, used in standard SVM and AD-SVM. This
efficiency can be very useful in large scale machine learning where
huge datasets are to be analyzed. Table 5 provides a comparison for
each method including the average running time using 10-fold cross-
validation, and considering the best set of parameters obtained using
the model selection procedure. The experiments were performed on
an HP Envy dv6 with 16 GB RAM, 750 GB SSD, a i7-2620M processor
with 2.70 GHz, and using Microsoft Windows 8.1 Operating System
(64-bits). We used the LINPROG solver for Matlab 712 for the

used for the multiclass SVM approaches to solve the quadratic
optimization problem. Training times for AD-SVM and Scatter SVM
are similar since they have essentially the same formulation but
consider different classification functions, as mentioned in Remark 2.
Training times for I;-CCSVM, and [;-CCSVMy are also similar since [;-
CCSVM, corresponds to [;-CCSVM's using a linear kernel.

In Table 5 we observe that our approach is consistently faster
than the alternative QP approaches which, in the case of k-class
SVM, may have prohibitive running times under the implementa-
tion used in this work. Furthermore, the running times achieved by
our approach are comparable with the ones achieved by the most
efficient SVM approximations in the literature in most cases.

Although the running times for one SVM training are below one
second in most cases, the gain can be significant if an exhaustive
grid search is used to tune the hyperparameters. It is also interest-
ing to note that [;-CCSVM_, is several times faster than AD-SVM,
since both formulations studied the concept of the center of the
configuration in a similar fashion, but in our work the [1-norm is
used instead of the I,-norm. The methods AD-SVM and Scatter
behave faster than the proposed approaches only for the microarray
datasets. It is also important to highlight that running times
decrease significantly when using [;-CCSVM for high-dimensional
datasets (such as microarray data) instead of [;-CCSVM, or [;-
CCSVM, as in Formulation DL°. The reason is that the number of
variables for [;-CCSVM does not increase with the dimensionality,
in contrast to [;-CCSVM, and 1;-CCSVM,, which are faster than I;-
CCSVMg when the number of cases is larger than the number of
variables.

5. Conclusions

In this work, we presented two multi-class classification
approaches based on Support Vector Machines and the concept of
the center of the configuration. The l;-norm is used to find a point
that is equidistant to all classes, which is subsequently used to
construct the classification functions. The two methods differ
mainly in the computation of the center of the configuration: I;-
CCSVM,, on one hand, obtains the center of the configuration
directly from the optimization process, while I;-CCSVM, provides
an explicit value for it based on the arithmetic mean of the weights,
on the other. From the latter method we derive a kernel-based
formulation (I;-CCSVMy), conferring flexibility to the classification
process by allowing non-linear classifiers, and achieving the best
results among our proposals.

A comparison with other multi-class SVM classification approaches
shows the advantages of the proposed methods:
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® They provide a geometrically grounded framework for multi-class
classification, which allows an adequate interpretation of the
classification process based on the concept of reduced convex hulls.

® They achieved competitive results compared to other SVM-based
methods, never being significantly below the best method for each
dataset.

® They provide more efficient formulations based on linear program-
ming, leading to an important reduction in terms of running times.

Some conclusions can be drawn from the experimental section
of this work, which can be useful for practitioners:

® Predictive performance is significantly improved with kernel-
based approaches, compared to linear methods. This result
demonstrates the advantage of constructing nonlinear classifi-
cation functions, especially in the context of models based on
the center of the configuration.

® The usage of the test rule proposed by Jenssen et al. [15] based
on the angular spread of the class representatives led to better
results compared to other decision functions studied in this
work, leading to conclusions about the importance of consider-
ing this test rule for prediction.

® There is a tradeoff between predictive performance and training
times for SVM-based approaches: while best average performance
can be achieved with the standard OVO-SVM, running times can be
prohibitive for large datasets. Highly optimized SVM approxima-
tions, on the other hand, are extremely efficient with large-scale
problems, but they may perform significantly worst than standard
SVM in terms of predictive accuracy. Our proposal has the best
compromise between classification permeance and efficiency in
terms of running times, being the recommended method for
medium-size datasets. For small problems, OVO-SVM is suggested,
while the method BSGD is recommended for very large datasets.

There are several opportunities for future work. The work of
Jenssen et al. [16] for v~-SVM can be adapted to the l;-norm as
presented in this work, while the concept of the center of the
configuration can be extended further to other SVM-based classifica-
tion approaches, such as Second-order cone programming Support
Vector Machine (SOCP-SVM) [20,25]. Additionally, the proposed
approach presents an interesting property for classification on highly
imbalanced datasets, namely the minimization of the distances
between the reduced convex hulls. Given that each training pattern
is studied separately, adaptations of the model can be performed on
others to favor relevant classes that could be less represented in the
training sample. Similar attempts have been done recently for SOCP-
SVM [21].
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Appendix A. Proof of Proposition 3.1

Proof. The Lagrangian function for (DLP) is given by

K
L(wy, by, &, py i, B, Sk ¥) = ’Z] [(bIH—C§1<Te)—IlkT X, Wi+be+E&)
k =

T
*ak(wk +e) *ﬂk (e*Wk)*SkTng’TWk}-

Then, the KKT conditions of the linear programming problem
(DIP) are given by

Vw L= =X, — -+ +7 =0, %zl—ugezo, (A1)
Vg L=Ce—p;—s;=0, gw,{ =0, (A2)
e Xy wi+be+£) =0, s & =0, (A3)
Bl e—w)=0, a (W;+e)=0, (A4)
X, Wy+be+E >0, u,>0, (A.5)
—e<wi<e, >0, f,>0 §&,>0, s,>0. (A.6)

From (A.3) and the second expression of (A.1), we get
W Xy + b+, &, =0.

Multiplying the first equality of (A.1) by w; and replacing in the
above equality one has

b =w, (@B —7)— 1y &

Summing over i in the above equality and using (A.2) and (A.4), we
have

K K K
kZ by = kZ wy @c—p)—p &)= — ’Z (+PB " e+p &,
=1 =1 k=1
(A7)
from which we deduce that YX_ b, <0.
In a similar way, we define the Lagrangian function associated
with (23) as
~ . A A . . A K AT . R ~
LWy, by, & T, Eps fis Xpes B Sk 7, £.0) = =T+ kz] CE, e~ (X Wi +bye)

_ﬂkT(_re+ék)_dk(wk+e)_rt_ﬂ);r(e_wk)_§;£k+yTwl<+05k]~

Then, the KKT conditions for Problem (23) are the following:

. . oL X
VWkL: —X’Jlk—ak—l—ﬂ,<+'}'=0, a_bkzg_”l;re:(l (AS)
. N oL o
Vel =Ce—pi,—S, =0, $=—1+ﬂke—t=0, (A.9)
iy (X Wy+be—re+&)=0, §, =0, rt=0, (A.10)
AT R ~ ~
B (e—W) =0, d&i(W;+e)=0, (A11)
X, Wi+be—re+&,>0, fi,>0, r>0, (A12)
—e<Wy<e, ;>0 f,>0, £,>0, §>0, (A13)
K K .
Z w, =0, z bk=0, t>0. (A14)

We note that 8 > 1, as a direct consequence of the second equality in
(A.8)-(A.9) and the feasibility (A.14). Additionally, from (A.8)-(A.10)
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one has r(@—1) =0. If we assume r > 0, then & =1, and therefore
Wi=Wy, bi=by—r, E=& m=p,. ox=d&n B =B si=5. r=7.

satisfy the KKT conditions of the problem (DLP).
On the other hand, from (A.10) and the second equality of (A.8),
we have

W) X, +0b—1)+p €, =0.

Multiplying the first equality of (A.8) by w; and replacing in the
above equality we get

O —b) =W, (—a+B+7)+my &

Summing the above equality over k=1,...,K and using (A.11) and
(A.14), we have

KoL T S T
Kro = kZI(Wk (=G +P+p, &= kzl(“k et+fe+p &), (A15)

If we assume that r = 0, using the above expression, we deduce that
@, =0, f,=0. /& =0 k=1, K.

Now, multiplying the first equality of (A.9) by .’;‘k, using the above
relation and (A.10), we get

CE e=0, k=1,..K,
therefore ék =0, for k=1,...,K. Finally, taking

Wy =Wy, by=b, &=0, ﬂk=%a =0, f,=0,

1. 1. y
S = (1 _§>ﬂk+ésks 7=§,
satisfy the KKT conditions of the problem (DL?).

Similarly, supposing that (wy, by, &, iy &k, By, Sk, ¥) satisfies the
KKT conditions of the problem (DL”). Take & =1 and let us define

(A.16)

(A17)

From (A.7), we obtain that r > 0 and therefore

Wi=w, be=be+r. E=& f=p. d=ar. P.=P
Sk=S, 7=y, t=0, 0=1, (A.18)

satisfy the relations (A.8)-(A.14). ©
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