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Abstract. This work addresses the issue of high dimensionality for linear multiclass Support Vector Machines (SVMs) using
second-order cone programming (SOCP) formulations. These formulations provide a robust and efficient framework for classi-
fication, while an adequate feature selection process may improve predictive performance. We extend the ideas of SOCP-SVM
from binary to multiclass classification, while a sequential backward elimination algorithm is proposed for variable selection,
defining a contribution measure to determine the feature relevance. Experimental results with multiclass microarray datasets
demonstrate the effectiveness of a low-dimensional data representation in terms of performance.
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1. Introduction

A Support Vector Machine (SVM) is one of the standard tools for machine learning and classification.
Based on the structural risk minimization principle [29], SVM for binary classification attempts to find
the separating hyperplane which has the greatest distance to the nearest training data point of each class.
For multiclass classification, a series of binary classifiers can be constructed, or the problem can also
be tackled directly by solving a single multiclass SVM [11,33]. SVM has proved to be very effective in
business analytics applications, such as churn prediction [30] and credit scoring [10]. For the latter case,
multiclass SVM can be used to deal with two types of defaulters: those who cannot pay because of cash
flow problems, and those that lack of willingness to pay [10].

Second-order cone programming (SOCP) formulations have been proposed as an alternative optimiza-
tion scheme for SVMs [2,6,23], providing robust SVM classifiers. The formulation correctly classifies
objects belonging to a given class up to a rate η, even for the worst-case distribution of the data, using
the information of the mean and covariance of the training patterns. While SOCP-SVM has been applied
successfully for binary classification, it has not yet been formalized for multiclass classification in this
context, to the best of our knowledge. The only reference appearing in the literature in the context of
SOCP for multiclass classification is Zhong and Fukushima [36]. This method studies the problem of
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classification with noisy data (i.e. instances with measurement errors), which is a completely different
approach from the ones reported in this paper.

A plethora of feature selection methods has been proposed for binary SVM, but only a few have been
extended to multiclass classification. This work uses SOCP formulations for multiclass SVMs to assess
the relevance of the attributes, proposing a backward elimination algorithm to reduce the dimensionality
of the problem and improve classification performance.

The paper is structured as follows. Section 2 presents the SOCP-SVM formulation for binary classifi-
cation, which we extend to multiclass in our proposal. Section 3 introduces Support Vector Machines for
multiclass classification. Recent developments for multiclass feature selection using SVMs are reviewed
in Section 4. The proposed feature selection approach is presented in Section 5. Section 6 provides ex-
perimental results using real-world datasets. A summary of this paper can be found in Section 7, where
we also provide its main conclusions and address future developments.

2. Second order cone programming SVMs

Let us consider a set of tuples (xi, yi) of training points xi ∈ �|S|, where S represents the full set of
variables and |S| its cardinality, and their respective labels yi ∈ {−1,+1}, i = 1, . . . ,m. Suppose that
X1 and X2 are random vectors that generate the samples of the positive and negative classes respectively,
with means and covariance matrices given by (µi,Σi) for i = 1, 2, where Σi ∈ �|S|×|S| are symmetric
positive semidefinite matrices. Let us denote a family of distributions which have a common mean and
covariance by X ∼ (µ,Σ).

In order to construct a maximum margin linear classifier, such that the probability of false-negative
and false-positive errors does not exceed 1 − η1 and 1 − η2 respectively, with η1, η2 ∈ (0, 1), Nath
and Bhattacharyya [23] suggested considering the following quadratic chance-constrained programming
problem:

min
w,b

1

2
‖w‖2

s.t. Prob{w� ·X1 − b � 1} � η1,

Prob{w� ·X2 − b � −1} � η2.

(1)

In other words, the model requires that the random variable Xi lies on the correct side of the hyper-
plane, with a probability greater than ηi for i = 1, 2. In this case, we want to be able to classify each train-
ing pattern correctly, up to the rate ηi, even for the worst data distribution, considering Xi ∼ (µi,Σi).
For this purpose, the probability constraints in (1) are replaced with their robust counterparts:

inf
X1∼(μ1,Σ1)

Prob{w� ·X1 − b � 1} � η1, inf
X2∼(μ2,Σ2)

Prob{w� ·X2 − b � −1} � η2.

Applying the multivariate Chebyshev inequality [20, Lemma 1], these constraints are equivalents to

w� · µ1 − b � 1 + κ1
√

w� · Σ1w, b−w� · µ2 � 1 + κ2
√

w� · Σ2w,

where κi =
√

ηi

1−ηi
, for i = 1, 2. Hence, this leads to the following deterministic problem:

min
w,b

1

2
‖w‖2

s.t. w� · µ1 − b � 1 + κ1‖S�
1 w‖,

b−w� · µ2 � 1 + κ2‖S�
2 w‖.

(2)
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Finally, Eq. (2) can be cast into a convex problem with a linear objective function and three second-
order cone (SOC) constraints by introducing a new variable t and an additional constraint ‖w‖ � t. The
solutions for both problems are essentially the same but linear SOCP formulations are required by some
SOCP solvers, such as SeDuMi Toolbox for Matlab [28]. These linear SOCP formulations can be solved
efficiently by interior point methods [1,2].

3. Multiclass Support Vector Machines

In this section we describe the formulation of SVMs for multiclass classification, considering the two
most common variations: One-versus-All and One-versus-One. The second-order cone programming
formulations for both approaches are provided in Section 5, together with the proposed feature selection
algorithm.

3.1. One-versus-All Support Vector Machine

This is the simplest and probably the earliest implementation for multiclass SVMs [8]. This ap-
proach is called the One-versus-All (OvA), and constructs K binary SVM classifiers, K being the
total number of classes, where each one separates a particular class from the remaining training pat-
terns. The k-th SVM classifier is trained with all the training examples of the k-th class as positive
labels, while the remaining instances are used with negative labels. Formally, for m training points of
the form (x1, y1), . . . , (xm, ym), where xi ∈ �|S| is a feature vector representing the i-th sample, and
yi ∈ {1, 2, . . . ,K} is the class label of xi, the k-th SVM solves the following problem:

min
wk,bk,ξk

1

2
‖wk‖2 +C

m∑
i=1

ξki

s.t. ỹi(w
�
k · xi + bk) � 1− ξki ,

ξki � 0, i = 1, . . . ,m,

(3)

where ỹki = 1 if yi = k and ỹki = −1 otherwise. The decision function associated with this problem
is given by fk(x) = w�

k · x + bk. Then, a sample x will be classified in the class which attains the
greatest value of fk(x), that is, x is in the k∗th class when fk∗(x) = max{fk(x) : k = 1, . . . ,K}. In the
(exceptional) case when this maximum is attained in more than one class sample x is (by convention)
classified in the class associated with the lowest index k∗.

Note that in the binary case (i.e. K = 2), Problem (3) reduces to the classical SVM problem [29].

3.2. One-versus-One Support Vector Machines

Another important SVM-based multiclass classification method is known as One-versus-One (OvO)
Support Vector Machine [19]. This method constructs K(K−1)/2 binary SVM classifiers, one for every
pair of classes. For training data from the k-th and the l-th classes, k �= l (k < l), OvO-SVM solves the
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following binary classification problem:

min
wkl,bkl,ξkl

1

2
‖wkl‖2 + C

∑
i

ξkli

s.t. w�
kl · xi + bkl � 1− ξkli , ifyi = k,

− (w�
kl · xi + bkl) � 1− ξkli , ifyi = l,

ξkli � 0, i = 1, . . . ,mk +ml,

(4)

where mk denotes the number of elements of the class k. The decision function associated with this
problem is given by fkl(x) = w�

kl · x+ bkl.
Classification of new instances is performed by a max-wins voting strategy [14], in which every clas-

sifier assigns each data point to one of the two classes, increasing the vote for the assigned class by one.
Finally, the class with the maximum number of votes determines the classification of each instance.

4. Feature selection for multiclass classification

Three main types of feature selection approaches have been proposed in the literature: filter, wrapper,
and embedded methods [15]. The first scheme (filter methods) uses statistical properties of the features
to filter out the irrelevant ones, assessing the correlation between predictors and labels. One common
filter method is the Fisher Criterion Score, which is based on Fisher’s Linear Discriminant Analysis
(LDA). For each attribute j ∈ S , the multiclass version for the Fisher Score follows [13,35]:

F (j) =

K∑
k=1

nk

K − 1
(x̄kj − x̂j)

σ2
, (5)

where x̄kj = 1
nk

∑
i∈Ck

xij is the average value of variable j in class Ck, nk denotes the number of
elements of class Ck, and x̂j = 1

K

∑K
k=1 x̄kj , their respective means along the different classes. The

variance of the whole data set σ2 (see [35]) is given by:

σ2 =

K∑
k=1

nk (nk − 1) σ2
k

|S| −K
, (6)

where

σ2
k =

∑
i∈Ck

(xij − x̄kj)
2

nk − 1
(7)

denotes the variance of variable j in the k-th class. Another filter approach is Cho’s measure, defined as
follows [12,35]:

Cho(j) =
mean(j) · std(j)

std(x̂j)
, (8)
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where

mean(j) =
∑n

i=1 wixij∑n
i=1 wi

represents a weighted mean for attribute j, and where wi is 1
nk

if the instance i belongs to class k, and
zero otherwise. std(x̂j) is the standard deviation of x̄kj , and std(j) is the weighted standard deviation
around mean(j), defined as:

std(j) =

√√√√
∑|S|

i=1 (xij − mean(j))2

|S| − 1
|S|

∑|S|
i=1wi

(9)

Another filter approach designed for gene selection, called GS1, was proposed by Yang et al. [35]. For
a given attribute j ∈ S , the following contribution measure is computed:

GS1(j) =

√√√√ 1

K

K∑
k=1

x̄Kkj +

√√√√ 1

K

K∑
k=1

(x̄kj − x̂j)
2, (10)

where the first component can be interpreted as the means of intra-class variations, and the second
represents the intra-class deviations.

Wrapper methods aim at scoring different feature subsets according to their predictive power. Since
the exhaustive search for an optimal subset of features is an NP-hard problem [3], several heuristic
approaches have been suggested, such as a greedy search or genetic algorithms [15].

Embedded methods attempt to find an optimal subset of variables in the process of model construction.
These methods depend directly on the nature of the classification strategy used. In general, embedded
methods present important advantages in terms of variable and model interaction, accurately capturing
the dependencies between variables, and being computationally less demanding than wrapper meth-
ods [15].

One popular embedded method, which is relevant for the remainder of this work, is known as Recur-
sive Feature Elimination (RFE-SVM) [16]. The goal of this approach is to find a subset of r variables
from S , eliminating those whose removal leads to the largest margin of class separation. This can be
achieved using a backward elimination approach, based on the components of the weight vector w.

Several extensions of the RFE-SVM have been proposed for multiclass classification. A method called
OvA-RFE has been proposed, in which all k hyperplanes are estimated first, and RFE-SVM is then
performed for each decision function independently [25,37]. After k feature subsets are selected, the
final subset is obtained by simply combining all k subsets. Another strategy is to combine the weights
obtained by all k functions in a single contribution measure for each attribute j, commonly using the
Euclidean norm [37]. Formally, for a set of weight vectors obtained by using any multiclass strategy (wk

for OvA-SVM or wkl for OvO-SVM), a contribution metric cj can be computed as cj(w) =
∑

k w
2
kj for

OvA-SVM, or cj(w) =
∑

k

∑
l w

2
klj for OvO-SVM. The backward algorithm for multiclass RFE-SVM

is presented in Algorithm 1.
In Algorithm 1 one single feature is eliminated at each iteration, which would be inefficient when

there is a large number of irrelevant features. On the other hand, removing too many features at once
increases the risk of losing relevant features [15]. The authors found that a good compromise between
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Algorithm 1 Recursive Feature Elimination SVM for Multiclass
1. repeat
2. w← SVM Training (multiclass formulation).
3. Eliminate feature j with smallest value of cj(w).
4. until r variables remain.

speed and feature quality was to remove 50% of the current features at every iteration for microarray
datasets.

An alternative embedded method is the minimization of the cardinality of the non-zero components
of the weight vector, also known as the “zero norm”: ‖w‖0 = | {j : wj �= 0} |. Note that ‖·‖0 is not
a norm because the triangle inequality does not hold [9]. Weston [32] proposed an approach for “zero
norm” minimization (l0-SVM) by scaling the variables iteratively, multiplying them by componentwise
addition of the absolute values of wk obtained from the OvA-SVM formulation, until convergence.
Variables can be ranked by removing those features whose weights become zero during the iterative
algorithm and computing the order of removal. The l0-SVM Algorithm for multiclass follows:

Algorithm 2 l0-SVM for Multiclass
1. set z = e
2. repeat
3. wk ← SVM Training, solve :

min
wk,bk

K∑
k=1

||wk||2

s.t. yki · (wk
� · xi ∗ z + bk) � 1, i = 1, . . . ,m; k = 1, . . . ,K;

(11)

4. z← z ∗
(

K∑
k=1

|w̄k1|, . . . ,
K∑
k=1

|w̄k|S||
)

.

5. until convergence

where ∗ denotes the componentwise vector product operator, which is defined as a ∗ b = (a1b1, . . . ,
anbn), z are the scaling factors and w̄k ∈ �|S| represents the solution of Formulation (11), which is
equivalent to the linear OvA-SVM where the matrix X has been scaled by the factor z.

To the best of our knowledge, no feature selection approach based on the SOCP formulation for SVM
has been proposed so far for multiclass classification, although one study presented by Bhattacharyya [6]
uses second-order cones to perform embedded feature selection for binary classification. In that work, the
author extends the ideas of l1 Support Vector Machine (l1-SVM) to second-order cones, by minimizing
the l1 norm instead of the Euclidean norm used in Formulation (2).

5. Multiclass RFE-SOCP, a novel feature selection approach

We propose a family of embedded methods for backward feature selection using multiclass SOCP
Support Vector Machines, which were inspired by the backward elimination procedure of RFE-
SVM [15] presented in the previous Section. The rationale behind our approach is that we eliminate
those features whose removal has less impact for the final solution.
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Section 5.1 presents the RFE algorithm for One-versus-All classification, while Section 5.2 describe
the model for the One-versus-One SVM, considering second-order cone programming formulations.

5.1. One versus All RFE-SOCP Support Vector Machines

The proposed approach is introduced in two steps. The OvA-SOCP-SVM formulation for multiclass
classification is presented first, while the algorithm for backward elimination is described subsequently.

5.1.1. OvA-SOCP Support Vector Machines
Based on the method OvA-SVM, we can formulate a version of OvA-SOCP-SVM. Let Xk be a

random vector variable that generates samples of class k, with mean and covariance matrix given by
(µk,Σk); and let Xc

k be the random vector that generates samples of the remaining classes, having
(µc

k,Σ
c
k), where Σk,Σ

c
k ∈ �|S|×|S| are symmetric positive semidefinite matrices. Then, for each k =

1, . . . ,K, we consider the following quadratic chance-constrained programming problem:

min
wk,bk

1

2
‖wk‖2

s.t. inf
Xk∼(μk,Σk)

Prob{wk
� ·Xk � bk + 1} � ηk,

inf
Xc

k∼(μc
k,Σ

c
k)

Prob{wk
� ·Xc

k � bk − 1} � ηck,

(12)

where ηk, ηck ∈ (0, 1). Thanks to an appropriate application of the multivariate Chebyshev inequality [20,
Lemma 1], the Eq. (12) can be stated as the following quadratic SOCP problem for each k = 1, . . . ,K:

min
wk,bk

1

2
‖wk‖2

s.t. w�
k · µk − bk � 1 + κk‖S�

k wk‖,
bk −w�

k · µc
k � 1 + κck‖Sc

k
�wk‖,

(13)

with κk =
√

ηk

1−ηk
(resp. κck =

√
ηc
k

1−ηc
k

).
The decision function is similar to the one used for OvA-SVM, that is, a new data point x belongs to

the class k∗ iff k∗ = argmaxk=1,...,K{w�
k · x− bk}.

Note that in the binary case (i.e. K = 2), Problems (12) and (13) reduce to the formulations proposed
by [23] (cf. Eqs (1) and (2)). In Bosch et al. [7], we used the OvA version for SOCP-SVM to classify
fish schools, although the method was not formalized in the form of Eqs (12) and (13).

5.1.2. RFE algorithm for OvA SOCP-SVM
Following the notation used by Song et al. [26], the proposed approach constructs K classifiers and

determines a subset I of features to be eliminated at each iteration. The output of the method is an
ordered vector of variables S†, which can be used to construct different feature subsets, as we describe
in the experimental section. Similar to RFE-SVM [15], we consider removing between 10% and 50% of
the available features at every iteration. The Recursive Feature Elimination algorithm for One-versus-All
SOCP-SVM (OvA-RFE-SOCP) is presented in Algorithm 3.
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Algorithm 3 RFE Algorithm for OvA-SOCP-SVM (OvA-RFE-SOCP)
Input: The original set of features (S)
Output: An ordered vector of features S†
1. S† ← ∅
2. repeat
3. wk ← OvA SOCP− SVM Training:

min
wk,bk

1

2
‖wk‖2

s.t. w�
k · µk − bk � 1 + κk‖S�

k wk‖,
bk −w�

k · µc
k � 1 + κck‖Sc

k
�wk‖,

(14)

4. I ← argminI
∑
j∈I

cj =
∑

k w
2
kj, I ⊂ S

5. S ← S \ I
6. S† ← (S†,I)
7. until S = ∅

5.2. One-versus-One RFE-SOCP Support Vector Machines

We introduce this method in two steps. The One versus One SOCP-SVM formulation is presented
first, while the feature selection algorithm is described subsequently.

5.2.1. OvO-SOCP Support Vector Machines
Similar to OvA-SOCP-SVM, let us consider Xk a random vector variable that generates samples of

class k, with mean and covariance matrix given by (µk,Σk) for k = 1, . . . ,K, where Σk ∈ �|S|×|S| are
symmetric positive semidefinite matrices.

Then, we can formulate a version of OvO-SOCP-SVM based on the idea of OvO-SVM. More pre-
cisely, for training data from the k-th and the l-th classes (k < l), we solve the following quadratic
chance-constrained programming problem:

min
wkl,bkl

1

2
‖wkl‖2

s.t. inf
Xk∼(μk,Σk)

Prob{wkl
� ·Xk � bkl + 1} � ηkl,

inf
Xl∼(μl,Σl)

Prob{wkl
� ·Xl � bkl − 1} � ηlk,

(15)

where ηkl, ηlk ∈ (0, 1).
Again, thanks to an appropriate application of the multivariate Chebyshev inequality, Formulation (15)

can be stated as the following quadratic SOCP problem:

min
wkl,bkl

1

2
‖wkl‖2

s.t. w�
kl · µk − bkl � 1 + κkl‖S�

k wkl‖,
bkl −w�

kl · µl � 1 + κlk‖Sl
�wkl‖,

(16)
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with κkl =
√

ηkl

1−ηkl
(resp. κlk =

√
ηlk

1−ηlk
). Equivalently to OvO-SVM, this method constructs K(K −

1)/2 binary classifiers, one for each pair of classes.
The decision function is given by fkl(x) = w�

kl · x− bkl, and the prediction of a new point x is done
by the Max-Wins voting strategy.

5.2.2. RFE algorithm for OvO SOCP-SVM
Similar to the feature selection algorithm for OvA-SOCP-SVM, we construct the respective classi-

fiers iteratively, compute the contribution measure based on the weight vectors, and eliminate a subset
of irrelevant attributes I , according to the proposed contribution measure. From the algorithm we ob-
tain an ordered vector of features, S†, and the classifiers for each training step. The Recursive Feature
Elimination algorithm for One versus One SOCP-SVM (OvO-RFE-SOCP) is presented in Algorithm 4.

Algorithm 4 RFE Algorithm for OvO-SOCP-SVM (OvO-RFE-SOCP)
Input: The original set of features (S)
Output: An ordered vector of features S†
1. S† ← ∅
2. repeat
3. wk ← OvO SOCP− SVM Training:

min
wkl,bkl

1

2
‖wkl‖2

s.t. w�
kl · µk − bkl � 1 + κkl‖S�

k wkl‖,
bkl −w�

kl · µl � 1 + κlk‖Sl
�wkl‖,

(17)

4. I ← argminI
∑
j∈I

cj =
∑

k

∑
l w

2
klj, I ⊂ S

5. S ← S \ I
6. S† ← (S†,I)
7. until S = ∅

6. Experimental results

We applied the proposed and alternative feature selection approaches to four microarray data sets for
multiclass classification. These sets have already been used as benchmarks in feature selection (see, for
example, [27] or [35]).

We provide a description of the microarray data sets in Section 6.1, while Section 6.2 presents a sum-
mary of the performance obtained for all the proposed and alternative approaches. Finally, an empirical
analysis regarding the influence of the different parameters is presented in Section 6.3.

6.1. Datasets and experimental settings

GLIOMA data set: The GLIOMA data set contains 50 instances described by 4433 genes in four
classes: cancer glioblastomas (14 samples), non-cancer glioblastomas (14 samples), cancer oligoden-
drogliomas (7 samples), and non-cancer oligodendrogliomas (15 samples) [24,35]. We studied the per-
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formance of the following subsets of features: 20, 50, 100, 250, 1000, 2000, 4433 (i.e. no features
removed).

SRBCT data set: The SRBCT data set contains 83 samples in four classes: Ewing family of tumors
(29 samples), Burkitt lymphoma (11 samples), neuroblastoma (18 samples), and rhabdomyosarcoma (25
samples) [18]. Each sample contains 2308 genes. We studied the performance of the following subsets
of features: 20, 50, 100, 250, 1000, 2308 (i.e. no features removed).

LUNG data set: The LUNG data set contains 203 samples described by 3312 genes in five classes:
adenocarcinomas (139 samples), squamous cell lung carcinomas (21 samples), pulmonary carcinoids
(20 samples), small-cell lung carcinomas (6 samples), and normal lung (17 samples) [5,35]. We studied
the performance of the following subsets of features: 20, 50, 100, 250, 1000, 2000, 3312 (i.e. no features
removed).

MLL data set: The MLL data set contains 72 samples described by 8685 genes in three classes: acute
lymphoblastic leukemia (ALL, 24 samples), acute myeloid leukemia (AML, 28 samples) and mixed-
lineage leukemia gene(MLL, 20 samples) [4,35]. We studied the performance of the following subsets
of features: 20, 50, 100, 250, 1000, 2000, 4000, 8685 (i.e. no features removed).

The following model selection procedure was performed: training and test subsets were constructed
using leave-one-out (LOO) cross-validation, which have been frequently used for assessing feature se-
lection and classification in microarray data [22,34]. The filter methods Fisher Score, Cho’s test, and
Yang’s GS1 were used to construct a ranking of features over the training set, and then we trained both
standard SVM and SOCP-SVM as classifiers for a fixed number of ranked features. Similarly, the RFE-
SVM and l0-SVM methods were used for feature ranking based on standard SVM, and then we trained
both presented classification approaches, namely standard SVM and SOCP-SVM, for a fixed number
of ranked features. The proposed methods, OvO-RFE-SOCP and OvA-RFE-SOCP, were trained as pro-
posed in Section 5, and therefore are only suitable with SOCP-SVM as the classifier.

The goal of the empirical framework is to assess the performance of our proposal compared to alterna-
tive feature selection approaches in high dimensional datasets, controlling by the nature of the classifier
(standard SVM and SOCP-SVM). We limit ourselves to linear SVM classifiers. For this work we studied
balanced accuracy as the main performance metric to assess predictive performance.

A grid search was performed to study the influence of the parameters C for soft-margin models,
and η for SOCP approaches. In this case, we considered ηkl = η (One-versus-One classification) and
ηk = ηck = η (One-versus-All classification), and studied the following values of η ∈ {0.2, 0.4, 0.6, 0.8}.
For standard SVM approaches, we used the following set of values for parameter C:

C ∈ {2−7, 2−6, 2−5, 2−4, 2−3, 2−2, 2−1, 20, 21, 22, 23, 24, 25, 26, 27}.
For the above procedure, we used the Spider Toolbox for Matlab [31] for standard SVM approaches,

and the SeDuMi Matlab Toolbox for linear SOCP-based classifiers [28].

6.2. Classification performance summary

Table 1 summarizes the results obtained from the model selection procedure for each feature selection
approach and for all four data sets. We first averaged all the different subsets of attributes to obtain a
mean performance for each method, and then we selected the best combination of hyperparameters C
(standard SVM) and η (SOCP-SVM). Table 1 presents the best performance considering four different
base classifiers: OvA-SVM, OvO-SVM, OvA-SOCP-SVM, and OvO-SOCP-SVM, with the only ex-
ception being the proposed RFE-SOCP method, which was designed only for OvA-SOCP-SVM and
OvO-SOCP-SVM.
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Table 1
Performance summary for different feature selection approaches. All datasets

GLIOMA LUNG MLL SRBCT
Fisher OvA SVM 70.8 86.8 95.2 99.2

OvO SVM 70.8 89.0 94.6 98.8
OvA SOCP 70.3 90.8 96.4 99.5
OvO SOCP 73.5 89.3 96.4 99.3

Cho OvA SVM 62.9 83.8 93.7 91.7
OvO SVM 62.4 81.0 93.5 90.7
OvA SOCP 68.3 88.8 94.8 92.6
OvO SOCP 70.3 90.8 94.0 92.5

GS1 OvA SVM 67.9 85.6 95.4 98.0
OvO SVM 67.6 84.2 94.8 98.7
OvA SOCP 72.3 89.6 95.8 98.8
OvO SOCP 73.2 89.6 95.8 98.8

l0 OvA SVM 66.1 90.4 91.1 98.4
OvO SVM 67.4 88.1 96.2 97.8
OvA SOCP 67.1 92.7 91.9 98.1
OvO SOCP 70.0 91.1 96.6 98.3

SVM-RFE OvA SVM 69.9 78.2 87.7 81.5
OvO SVM 69.1 77.2 91.2 86.1
OvA SOCP 73.1 84.1 90.6 86.1
OvO SOCP 71.6 85.2 92.4 88.0

RFE-SOCP OvA 70.3 94.0 96.6 99.5
OvO 76.5 92.6 96.5 99.4

In Table 1 we observe that the best predictive results were achieved with the proposed approach. For
the first two data datasets the gain is significant compared to the alternative approaches, while results
are relatively similar between the latter two approaches, and good results can be achieved with all ap-
proaches. Another interesting result is that SOCP-SVM in both versions tend to be better base classifiers
than standard SVM predictors, while the difference between OvO and OvA classifiers is not signifi-
cant. According to these results, we can conclude that the gain in terms of performance of the proposed
method is due to the use of SOCP-SVM classifiers and the embedded feature selection process based on
SOCP-SVM.

For the next experiments we studied the performance for the different subsets of attributes presented
in the description of the data set. For each feature selection approach we selected the one with the best
overall performance for all hyperparameters and base classifiers. Figures 1 to 4 display the results of
these experiments for each dataset.

For the GLIOMA dataset (Fig. 1), we observe a linear decay in the performance of most methods,
while our approach works consistently well for the different subsets of attributes, achieving best perfor-
mance while using 1000 variables.

For the LUNG dataset (Fig. 2), results are more stable and follow similar curves. Again, the proposed
method performs better along the different subsets, achieving its peak with 20 attributes. Cho’s test
and RFE have the lowest performance among the alternative approaches. The performance is strongly
affected when selecting 10 attributes in all cases.

For the MLL dataset (Fig. 3), several approaches behave equally well, such as the proposed RFE-
SOCP, Fisher, and l0-SVM. The RFE-SVM method has the best single performance with 250 attributes,
but then its performance decreases rapidly while the best approaches are consistently good for all the
different subsets of features.
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Fig. 1. Performance versus the number of ranked variables
for different feature selection approaches. GLIOMA dataset.
(Colours are visible in the online version of the article; http://
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Fig. 2. Performance versus the number of ranked variables
for different feature selection approaches. LUNG dataset.
(Colours are visible in the online version of the article; http://
dx.doi.org/10.3233/IDA-150773)
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Fig. 3. Performance versus the number of ranked variables for
different feature selection approaches. MLL dataset. (Colours
are visible in the online version of the article; http://dx.doi.
org/10.3233/IDA-150773)
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Fig. 4. Performance versus the number of ranked variables
for different feature selection approaches. SRBCT dataset.
(Colours are visible in the online version of the article; http://
dx.doi.org/10.3233/IDA-150773)

Finally, for the SRBCT dataset (Fig. 4), the best approaches, Fisher and RFE-SOCP, are again consis-
tently good and near 100% along the different subsets. Cho’s test and RFE have the lowest performance
among the alternative approaches.

6.3. Influence of the hyperparameters and discussion

In this subsection we report the performance of the proposed feature selection methodologies by per-
forming sensitivity analysis of the relevant parameters, characterizing their influence on the final solu-
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Fig. 5. Performance versus the number of ranked variables for different η values. OvA-RFE-SOCP approach. (Colours are
visible in the online version of the article; http://dx.doi.org/10.3233/IDA-150773)

tion. Our goal was to assess whether the results are stable along different values of the parameter η.
If this is the case, a less rigorous validation strategy can be used. In contrast, a high variance in the
performance would require more exhaustive model selection in order to find the best combination of
parameters.

Figures 5 and 6 present the performance for the different η values for the OvA-RFE-SOCP and OvO-
RFE-SOCP approaches respectively. For each figure, four graphs are presented, one for each data set.
Each graph represents the performance of the respective approach for an increasing number of ranked
features and for η ∈ {0.2, 0.4, 0.6, 0.8}.

In the previous figures we observe a low variance along the different values of η. All the curves
have relatively similar shapes, concluding that the model is robust in the context of the hyperparameter
settings.
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Fig. 6. Performance versus the number of ranked variables for different η values. OvO-RFE-SOCP approach. (Colours are
visible in the online version of the article; http://dx.doi.org/10.3233/IDA-150773)

7. Conclusions

In this paper we present a backward elimination strategy for multiclass classification and feature se-
lection using the robust SVM formulation with second-order cones. A comparison with other feature
selection and classification approaches in high dimensional applications showed the advantages of the
proposed strategy:

– It outperforms other feature selection techniques in terms of classification performance, based on
the ability of SOCP-SVM to generalize better by assuming the worst distribution of the data, while
embedding a feature selection strategy in this classifier.

– It extends the work of Guyon et al. [16] on multiclass feature selection and classification for stan-
dard SVM to SOCP-SVM, proposing a backward elimination approach that considers the use of the
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Euclidean norm in the SOCP-SVM formulation, which has proven to be as effective and precise as
standard SVM, outperforming it in some cases [21].

– Our approach can be extended to kernel functions for nonlinear feature selection and classification,
giving flexibility to the model construction. The backward elimination procedure proposed in this
work defines a contribution measure cj (step 4 of Algorithms 3 and 4) based on the weights of
the multiclass SOCP-SVM formulations. This measure can be adapted to kernel-based formulation
by following the procedure suggested in Guyon et al. [15] for kernel-based RFE-SVM for binary
classification.

In our experiments we assessed the alternative feature selection approaches considering four differ-
ent classifiers: OvO and OvA-SVM, and the proposed OvO and OvA-SOCP-SVM. From the point of
view of classifiers, we observed consistently better results using robust SOCP classification, while no
significant differences were found between OvO and OvA classifiers. This is a powerful conclusion,
since several works that compare the effectiveness of both approaches have been developed in the last
decade [17]. In the experimental section we also discussed the influence of the hyperparameters associ-
ated with our proposal, namely the η parameter, concluding that the proposed methods are not strongly
dependent on the setting of this parameter, presenting stable results along the different values of η.

There are several opportunities for future research in multiclass feature selection. First, feature selec-
tion can be seen as an optimization problem via feature penalization. The literature offers interesting
approaches based on l1 and l0 penalization, which can be extended to multiclass SOCP-SVM. For in-
stance, the extension of the work presented by Bhattacharyya [6] on embedded feature selection for
binary SOCP-SVM via l1 penalization to multiclass classification represents an interesting research op-
portunity. Secondly, there is a pressing need for more efficient implementations than SeDuMI Matlab
toolbox for SOCP-SVM. Finally, SOCP-SVM presents interesting properties for classification on highly
imbalanced data sets, a very relevant topic in pattern recognition given the vast application field. Since
the parameter η controls the Type I and Type II errors, a differentiated value of this parameter may help to
construct better classification functions that consider the costs of both types of errors. This is particularly
interesting in multiclass classification, where it is relatively common for one or several categories to be
rarities in the dataset, and the classifier will favor the better-represented classes and produce classifiers
with poorly balanced performance [35].
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