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In this work, we propose an inexact interior proximal-type algorithm for solving convex second-order
cone programs. This kind of problem consists of minimizing a convex function (possibly nonsmooth) over
the intersection of an affine linear space with the Cartesian product of second-order cones. The proposed
algorithm uses a variable metric, which is induced by a class of positive-definite matrices and an appropriate
choice of regularization parameter. This choice ensures the well definedness of the proximal algorithm and
forces the iterates to belong to the interior of the feasible set. Also, under suitable assumptions, it is proven
that each limit point of the sequence generated by the algorithm solves the problem. Finally, computational
results applied to structural optimization and support vector machines are presented.

Keywords: proximal method; second-order cone programming; variable metric; structural optimization;
multiload model; support vector machines; robust classifier

1. Introduction

In this paper, we consider the following convex second-order cone programming (SOCP) problem

(SOCP) f, = m]iRn f(x); Bx=d, w/@x)=Ax+bell, j=1,...,J,
xeR"?

where f: R" — R U {400} is a convex function (possibly nonsmooth), B is a full rank r x n real
matrix with » < n, d € R", A/ are full rank m; x n real matrices, and b/ e R/, j =1,..., J.
For an integer m > 2, the set £ denotes the second-order cone (SOC) (also called the Lorentz
cone or ice-cream cone) of dimension m defined as £} = {y = (y1, ) € R x R™ 115 < y1),
where || - || denotes the Euclidean norm. Since the norm is not differentiable at 0, (SOCP) is not
in the class of smooth convex programs. On the other hand, a Lorentz cone can be rewritten as
the smooth nonconvex constraint £} = {y € R" : Y24 -+ y2 < y2, y1 > 0}. However, this
constraint is not qualified at 0 [17, Definition 3.20].
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In recent years, SOCP has received considerable attention because of its wide range of
applications in engineering, control and robust optimization (see, for instance [2,25,35] and the
references therein). It is known that £, like R’} and the cone S} of m x m real symmetric
positive-semidefinite matrices, belong to the class of symmetric cones to which a Jordan algebra
may be associated [15]. Using this connection, interior-point methods have been developed for
solving linear programs with SOC constraints [25,37].

In this work, we propose an inexact interior proximal point algorithm (PPA) with variable metric
for solving a convex SOCP whose objective function is not required to be smooth. The standard
PPA was introduced by Martinet [26] based on previous work by Moreau [27], and it was then
further developed and studied by Rockafellar [33] for the problem of finding zeros of a maximal
monotone operator. Later, several authors [11,12,14] generalized PPA for convex programming
with nonnegative constraints, replacing the quadratic regularization term by a Bregman distance
or ¢-divergence distance. Recently, Auslender and Teboulle [6] have dealt with general types of
constraints, including SOC and semidefinite ones, via a unified proximal distance framework. In
all these works, the pseudo-distances are used to force the iterates to stay in the interior of the
feasible set.

The idea of PPA with variable metric was originally studied by Qian [31] for monotone operators
and by Bonnans et al. [8] for convex programming [23]. Since then, this idea has been exploited
in different articles [9,10]. Oliveira et al. [28] considered the matrix H (x) = diag(x; ", ..., x,”),
r > 2, in order to define a variable metric on R’ : (., A for all x € R’} | . They defined a new
class of variable metric interior PPA for the minimization of a continuous proper convex function
on R’. This algorithm uses a regularization parameter appropriately chosen so that the iter-
ates are interior points. Moreover, the convergence to a Karush—-Khun-Tucker (KKT) point is
obtained.

Inthis paper, we investigate a variable metric proximal-type algorithm for solving convex SOCP
problems, where the metric is induced by a general class of positive-definite matrices, such that
the iterates are strictly feasible.The outline of this paper is as follows. In Section 2, we recall some
basic notions and properties associated with SOC. In Section 3, we present our algorithm with
variable metric and prove its convergence properties. In Section 4, we present the notion of quasi-
nonincreasing metrics and we prove the convergence of our method under some suitably chosen
assumptions. In Section 5, we describe the case of the metric induced by the Hessian of the spectral
logarithm, which is not covered by the analysis in Section 4. Finally, in Section 6, we consider
two different applications of linear SOCP (LSOCP), we discuss MATLAB implementations of
the proposed algorithms, and we present some computational experiments; this is an intermediate
step towards more general and possibly nonsmooth convex problems, which are not addressed in
this paper from the numerical point of view.

Notation: For a closed proper convex function f, its effective domain is defined by dom f =
{x : f(x) < +oo}and af denotes its subdifferential [31]. The superscript T denotes the transpose
operator and 7, denotes the identity matrix in R¢*¢. For a symmetric matrix M, we denote its
smallest and largest eigenvalues by Amin(M) and Amax (M), respectively. Given a matrix A €
RP>4, the smallest and largest singular value of A will be denoted by omin(A) and omax(A),
respectively. If we have a finite number of matrices A, ..., A’ such that each A/ e R™/*",
we define a,,;, (A) = min{omin(A7): j =1,..., J}and A := (AY; ...; A7) € R?*" whose rows
are those of A! to A/, where ¢ = Zlem‘j. We also denote by K := L' x --- x L}’ The
set L ={y=(01.y) eRx R™~L: |||l < y1} is the interior of the SOC K = L7 and the set
oL ={y € L7 : y1 = ||y} denotes its boundary. We denote by X* the optimal solution set of
(SOCP). Finally, we define by w(x) := (w!(x), ..., w’ (x)) € R?, where w/ (x) = A/x + b/ for
j=1,...,J.
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2. Algebrapreliminaries

Let us recall some basic concepts and properties about the Jordan algebra associated with the
SOC £ with m > 2 (see [15] for more details). The Jordan product of any pair v = (vy, v),
w = (w1, w) € R x R is defined by v o w = (v w, vy + wyv). This can be written as v o

w = Arw(v)w, where
=T
L U1 v
Arw(v) := (13 Ullm—1>

is the arrow matrix of v. The bilinear mapping (v, w) — vow has as the unit element
e=(1,0,...,0) € R™ and is commutative but not associative in general. However, o is power
associative, that is, for all w € R™, w* can be unambiguously defined as w* = w” o w? for any
p,q € Nwith p +¢ = k. If w € £, then there exists a unique vector in £}, which we denote
by w/?, such that (w'/?)? = w'? o w'/? = w.

We next introduce the spectral factorization of vectors in R™ associated with £'. For any
w = (w1, w) € R x R, we can decompose w as

w = Ar(w)ur(w) + Az (wiuz(w), 1)

where A; (w) and u; (w) are the spectral values and spectral vectors of w given by

1 <1, (—1)"i) , if w #£0,

2 l[wl

hi(w) = wy 4+ (=D'w] and  u;(w) = )

5@ (=D'v), if w=0,

for i = 1,2 and ¥ being any unit vector in R~ (satisfying ||v|| = 1). Notice that A;(w) <
Ao(w) and set Amin(w) = A1 (w), Amax(w) = A2(w). Some basic properties of these definitions
are summarized below [15,16].

PrOPOSITION 2.1 Forany w = (wg, w) € R x R"~1, we have

(a) If w # 0, then the decomposition (1) and (2) is unique.

(b) llu; ()|l = 1/+/2 and u; (w) € L™ fori =1, 2.

(¢) u1(w) and u,(w) are orthogonal for the Jordan product: u; (w) o up(w) = 0.

(d) u;(w) is idempotent for the Jordan product: u; (w) o u; (w) = u;(w) fori =1, 2.

(8) Amin(w), Amax(w) are nonnegative (resp., positive) iff w € £ (resp., w € L7 ,).

(f) The Euclidean norm of w can be represented as ||w||? = 1/2(Amin(w)? + Amax(w)?).

The next result provides some interesting inequalities [4, Proposition 3.1].

PROPOSITION 2.2 Letv, w € R™, then Amin(v) + Amin(W) < Amin(v + W) < Amin(v) + Amax(w),
and Amax (V) + Amin(W) < Amax(V + w) < Amax(v) + Amax(w).

For each w = (wy, w) € R x R”~1, the trace and determinant of w with respect to L7 are
defined as

tr(w) := Amin(w) + Amax(w) = 2wy;  det(w) := Amin(W)imax(w) = w? — @2 (3)

These are the analogues of the trace and determinant of matrices. In order to avoid any mislead-
ing, the smallest and largest eigenvalue of a symmetric matrix M are denoted by bold symbols
Amin (M) and Amax (M), respectively. A vector w = (wq, w) € R x R” is said to be nonsingular
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if det(w) # 0. If w is nonsingular, then there exists a unique v = (v1, v) € R x R”~1 such that
wov=1vow = e Wecall this v the inverse of w and denote it by w 1. Direct calculations yields
w™t = (1/(wi — [[w]%) (w1, —w) = (1/ det(w))(tr(w)e — w).

Following [24], for any function g : R — R U {+o0}, we consider the spectrally defined
function ®,: R" — R U {+o0} given by

D, (w) = g(Amin(w)) + g(Amax(w)), if Amin(w), Amax(w) € dom(g) 4)

and @, (w) = 4o0 otherwise. If Ayin(w), Amax(w) € dom(g) then ®,(w) = tr(g**°(w)) where
g°°¢ is the corresponding SOC function defined by

g (w) = ghmin(W)ur(w) + g(Amax(W)uz(w), w e R x R™L

We have the following result (see [16, Proposition 5.2; 30, Lemma 2.10]).

ProposITION 2.3 Let g be continuously differentiable on int(dom(g)) = R4. Then &, is con-
tinuously differentiable on int(dom(®,)) = £%, and for all w € L%, V@, (w) = 2(g")**(w).
If in addition g’ is continuously differentiable in R, , then the Hessian of ®, at w € £, is given

by the formula V2®,(w) = 2g”(w1)! if w = 0, and otherwise is given by

2 o b ciT /|| i
V‘Dg(w)‘z(cw/nwn aly 1+ (b —ayii /o)) 270

where a = (g'(A2) — g'(A&1))/(h2 — A1), b= (g" (A1) + g"(12))/2 and ¢ = (g"(X2) — g"(A1))/2.
If g”(¢) > Oforall t € R, then V2®,(w) is positive-definite for all w e Ly .

If, for example, we consider the logarithm barrier function g(¢) = — In(¢) withdom(g) = R,
then its spectrally defined function is given by
Pin(w) = — In(w? — |w]?) = — In(det(w)) if w € L™ ; +o0 otherwise.
We get Vo, (w) = 2w, w e L. Also, we have an explicit expression for the Hessian of
Py inw € L7, given by V2dj(w) = 2(Q,,)~*, where

_ (lwl? 2wy’
Qw - (211)111} det(w)]m,1 + ZII)II)T ’ (5)

As g”(t) = 1/1? > 0, it follows that Q,, is positive-definite Yw e L7 . The matrix Q,, is called
the quadratic representation of w, which exists for any w € R™. The next result gives some useful
properties of Q,, [2, Theorems 3 and 9].

THEOREM 2.4 Let w € R™ be arbitrary.

(1) If w is decomposed as in (1) then A2, (w) and A2, (w) are eigenvalues of Q,,. Furthermore,
if Amin(w) # Amax(w), then each one has multiplicity 1. In addition, det(w) is an eigenvalue
of @,, and has multiplicity m — 2 when w is nonsingular and Amin(w) # Amax(w).

(2) If wis nonsingular, then Q,,(L7}) = L7} likewise, Q,, (L7 ,) = L.

From this theorem, one has in particular that Q,, is nonsingular if and only if w is nonsingular.
The following result is obtained from [37, Proposition 2.1].
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Lemma 25 Letw e L£7.Then, there existsamatrix 9,12 whichmaps e tow (thatis Q,,12¢ = w),
given explicitly by
w1 u_)T

Ouiz = | _ 1 ww' ) (6)

w  det(w)Y?l, 4 + —————
(W)l det(w)1/2 + wy

This matrix is positive-semidefinite and satisfies that Q,,12 = Q./°. Moreover, when w € £, ,
Q9,12 turns out to be a positive-definite matrix. If in addition w # 0, then the matrix Q.12 can
be written as follows:

0 0

Quiz = Arw(w) — 0 (wy — det(w)¥?) (I -

waﬁ) ) (7

w2

3. Proximal algorithm with variable metric

Let F = {x € R": w/(x) =Afx+bf_e£ﬁ’+, j=1...,J},B={xeR":Bx=d}and C =
B N F. The feasible set of (SOCP) is C, the closure of C in R". From now on, we suppose that
the following assumptions hold true:

(A1) f. > —o0.
(A2) dom f N C # @ (Slater’s condition).

3.1 Algorithm PAVM

We denote by M = diag(M?, ..., M”’) a block diagonal matrix with M/ € R™*"; being sym-
metric and positive-definite foreach j = 1, ..., J. We suppose that A has rank n. Set (-, -}y =
(ATMA., -), and let us define the following induced norms ||u||§,I = (u, u)m = (MAu, Au) and
||u||*2M = ((A"MA)Yu, u), Yu € R". The proximal algorithm with variable metric (PAVM) for
solving the problem (SOCP) is defined as follows:

Foreachk =1,2,..., take 8, > 0 and n > Owith Y ;2 8 < coand Y 72, nx < oo.

Step 0. Start with some initial point x° € C, g° € 3f(x°) and block diagonal matrix M. Set
k=20

Step 1. Givenx* e C, g& € 3f (x*) and an appropriate matrix M and suitable parameter y; > 0,
find x¥*+1, g+ € R and w**! € R” such that

gt e af (), (8)
&+ P ATMA R — x5 + BTl = b1 9
Bx*tt =d, (10)

where the associated error *+1 satisfies the following conditions:
I < 8 1€ T max (L k1) < e (11)

Step 2. If x**1 satisfies a prescribed stopping rule, then stop.
Step 3. Update M, ;. Replace k by k& + 1 and go to step 1.
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Remark 3.1 Set Fy(x) := f(x) + (1/2)pllx — xk||§,|k. Since f is a closed proper convex func-
tion, it directly follows that F; has bounded sublevel sets. Therefore, the optimal set of inf{ F; (x) :
Bx = d} is nonempty and compact and (8)—(11) hold with €t = 0. Thus, the sequence gener-
ated by PAVM is well defined. The second condition on {€*} in (11) is similar to IPA1 in [6]. This
is motivated by the inexact minimization of F;. Notice that one may compute x*** by using the
bundle method or by applying some iterations of a standard descent method for the unconstrained
minimization of the strongly convex function F;, depending on the regularity of f.

Remark 3.2 Note that the matrix M defines the shape of the level curves of the variable metric
considered in our PAVM algorithm while the regularization parameter y; decides indirectly the
step length of the next iterate taking into account this choice of M. If we rescale our metric by
using My, for some @ > 0, instead of M, this is equivalent to keeping M but replacing y; with
ayy in (9).

3.2 Strictly feasible iterates

The largest eigenvalue of a block diagonal matrix M = diag(M?, ..., M) isgiven by Ama(M) =
max{Amax(M’): j = 1,..., J}.Foranyelementz € R",wesetQ, := diag(Q.,, ..., Q.,), Where
Q., € R™>™i is defined by (5). By virtue of Theorem 2.4, when z € L7, we get Anax(Q;) =
12, (2), obtaining then

Amax(Q2) = max {)vmax(Q )= max{/\ ax(Zj): j=1...,J}L (12)

,,,,,

Similarly Amax(Q7*M 1) = max{Amex (Q7,2MI Q7 Y%): j=1,...,J}. Analogous defini-
tions can be stated for the smallest elgenvalue xm.n(-)

ProposITION 3.3 Suppose that for every k = 0, 1, .. ., the parameter y, satisfies
Vi > V2(@min(A) ™ Amax (Quiet) ™ Amax Qi M DI | + 8¢ (13)
Then the sequence {x*} generated by PAVM is contained in C.

Proof (By induction) This is true for k = 0. Now, assume that x* € C. By construction, x**!
satisfies Bx**! = d. On the other hand, from the monotonicity of 3f, it follows that (g**+! —
gk, x*¥1 — x*y > 0, which together with (9) yields to

<ykATMkA(xk+l _ xk) + Bka+l7xk+l _ xk) S <gk’xk _xk+l> + <€k+l’ x/H—l _ xk>.
From (10) and the Cauchy-Schwarz inequality, it follows that
VeMGA G — X9 AT — 1)) < llgh et — X+ [l It — XN

< [llg" Il + 8elllx* Tt — Xk, (14)

where we used (11). As each M,f is a positive-definite matrix, we have that

J
<MkA(xk+l _ xk)’A(katl _xk)) _ Z<Ql/'2 , Ml{Aj(karl k) o 1/2 Aj(xk+1 _ xk))

w (x*) w/ (xk)
j=1

~

1/2 1/2 -1/2 j 1 2
> Y Amin(QL2 o ML QYR QN2 AT (1 — by |12,
j=1
(15)
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By Lemma 2.5, QY2 , is p05|t|ve -definite. Thus, |Q Y2 A7 (x**1 — xK)|| > Amin(Q 2 )| A

w/ (xk) w/ (xk) w (xk)

X — x5y = kmm(Q;j(xk)) ||Af(x’“rl — x%)]|. Using this lower bound once in (15), it fol-
lows that (MkA(ka' — )Ck),A()Ck+1 —Xk)) = Z/ 1Xm|n(Qw,(xk)) )»mln(Qlw/jz(xk) Ql/z k))”

w/ (x

Q12 AT (xk — xK) ||| A (x¥+1 — xk)||. From (14) and the well-known property Amax (M 1) =

w/ (xk)

Amin(M)~1 for any symmetric nonsingular matrix M, it follows that

J
Ve Z ||Qw,(/A AT L Ry AT R — x|

< Mnax (Quiiet)*Anax (Quuiiy Mg LI I+ 8l — X)) (16)

Since A/ has full rank, we get || A/ (x**1 — x%)|| > 1/||A1‘Jr||5pec||x"+1 — x¥||, where 47" denotes
the pseudoinverse of Moore—Penrose of A7 and || Al|spec = omax(A) denotes the spectral norm of
a given matrix A. By the |dent|ty amaX(Af ) = (omin(A7))~1 [20, p. 421, Exercise 7], we get from

(16) that Yk Zj —1 Omin (A Qw/(XA)AJ (xk+l - xk)” = A'malx(Qw(x’f))l/z)vmax(Q\,_\,(lxk)Mk_l)[”gk Il +
8x], which implies that

J
_ ; 1 _ _ _
D NQ 5 AT — x| < = @nin A ™ A (Quert)! e Qs M D8 + 1]

1
< —.
V2
For the last inequality, we have used (1?)2. On the other hand, it hczltzjs from Lemma 2.5 that
Q1% wi(x*) = e;, which yields [|Q, 1'% AT (x**1 — xb)|| = Q12 (w! (x**1) — wd (x4
= ijl(/fk)w/(xk“) — ¢;ll, and by virtue of Proposition 2.1(d), it follows that
19, 7% AT (A — x| = fum.n(gw,l{fk)wf @ —¢))|

forallj =1,..., J. Therefore,foreach j =1, ..., J,weget |Anin(Q
which implies that

w;(xk)wj(xk+l) - ej)' < 17

-1l< )"min(Q;}(/jk)wj(karl) - €j) <1
forall j =1,...,J. By using Weyl’s theorem (cf. Proposition 2.2) in both inequalities, we
get 0 < Amin(Q, /0w’ (x**1)) < 2,Vj = 1,.... J. This implies that Q_j/% w/ (x**1) e L1},
that is, w’/ (x**1) € Qi (LL%) forall j =1,..., J. Therefore, by Theorem 2.4 and (10), it
follows that x**! e C. [ ]

3.3 Boundedness and some related results

Let us recall a technical lemma, which will be useful in the sequel [30].

Lemma 3.4 (i) Let {v:} and {«} be nonnegative real sequences satisfying vi+1 < vi + o for
>y < oo. Then the sequence {v;} converges.

(ii) Let {A;} be a sequence of positive numbers, {a;} a real sequence and b, = a,,‘l Y o Mk
whereo, = >} _q M. If o, = 00, onehasliminfa, < liminfb, < limsupb, < limsupa,.
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ProposiTiON 3.5 Let {x*} C C be asequence generated by PAVM under (13). Then the following
hold:

(i) {f (")} converges and 372 (v 37 It — K2 ) < oo
k

i) If X* is nonempty and bounded, then the sequence {x*} is bounded.
(i) If X*i d bounded, then th kY is bounded

Proof

(i) From (9) and (10), and since g™ e af (x**1), we have f(x¥)+ (e, x*+1 — xky >
LAY 4y T [l —xk|2 = f(**. By (12), and using (e, kb — k) <

k
IEHIAXE I+ D) < 2]l ) max ([l ), Jlx*]), we obtain

J

FED Y I = 2N, < fG8) + 2me (7
j=1

Thus, 0 < f(x**1) — £, < f(x*) — f. + 2. Hence, using Lemma 3.4(i), we deduce that
the sequence {f(x)} converges. From (17), we get >3 o(yi Y 7_; [lx*+ — X2 ) <

FGO) — FNY 423N e < £ — fo + 23 M . Letting N — 400, we obtain
the result.

(i) Summing (17) over k =0,...,7, one has f(x'*1) — f(x°) <23 _, m. Since 302, m
exists, it follows that for some 77 > 0 we have f(x/*!) < f(x%) + 2 < oo, forall I > 0. As
X* is bounded, f is level bounded over C. Thus, one has that {x*} is a bounded sequence.

Remark 3.6  As a consequence of above proposition, it follows that {g*} is bounded when the
function £ is defined everywhere.

The next result is similar to [12, Lemma 3.2].

LeEmMaA 3.7 Let {x*} be a sequence generated by PAVM. Then for all x € C Nndom f, the
following inequality holds:

2 2
;(f(xk“) — f) < llx = x Iy, = e = xS = I = XN, + E“M’ X — ).

Proof Forany x e C,because g“<tt € af (x**1), we have f(x**t1) + (gh*1, x — x*1) < f(x).
Using (9) and (10) and the inequality above, we get

FEE) — Fx) < (€ M —x) — e ATMGA T — xF), x4 — ), (18)

Since My is symmetric, we have [x — x*|1% = [lx — xFFL)% + (1K — xR2 4+ 2(ATMUA
(xk+t — x%), x — x¥*1). Then the result follows directly from (18). [ ]
4. Quasi-nonincreasing metrics

We consider the following hypotheses on the matrices M,{ :

(H-i) The sequences {M,f_l} are bounded, foreach j =1,..., J.
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(H-ii) Foreach j =1, ..., J, there exists a nonnegative sequence {u,{} such that (M,f — M,{H +
vl e Sy and 332, v] < oo,

Remark 4.1 Since each M,{ is positive definite, (H-i) is equivalent to saying that there exists a
n, > 0 such that xmin(M,f) > forallk e Nand j =1, ..., J. Notice that (H-ii) implies that

sequences {M,f} are bounded.

LemMA 4.2 Let {x*} be a sequence generated by the PAVM under

Vi = V2(0min(A) ™ Amax(Quiet) ™ Amax Qi M DI | + 8 + B (19)
forsome B, > B > 0.Assumethat (H-) holds. Then, Y i Xkt — x¥||2 < coand, inparticular,
lime_s oo 41 — XK = 0.

\

Amin(M{D | A7 (54— X912 > Ain (M) omin (A7)?[1x¥+E — x¥|2, whence [lx**1 — x¥|12 =
I xR 2 > 3 Amin (M) omin (A)2 | xK1 — xK12. Now, by the boundedness of
j=1 M j=1 k

Proof As each M/ is positive-definite and each A/ is full rank, one has [lx*+1 —x"||fu.
k

the sequence {M] } foreach j = 1, ... J thereexists | > 0such that Ain (M})) > n,.forallj =

AAAAA

In Y3020 It — x¥12, and the result follows from Proposition 3.5(iii).

m v

n—1
From now on, we define: o, = ) yj_l, forall n € N.
j=0

LEmmA 4.3 Let {x*} be the sequence generated by algorithm (PAVM). Assume that (H-ii) holds.
For any x € C ndom f£, the following hold:

n—1 n—1
2
=20, f () + Y — FO) < e = 2Oy, — 1" = xlf, = D I =R,
K=o Yk k=0
J
2 . ,
— (T ) = AN - 017 (20)
143 :
j=1

Proof Since (M{ — M[,, +v[I) €S}’, one has |lx*+1 — x|, + VAR — x) )12 >
[lxk+t — x||12w . By using this inequality in the estimate of Lemma 3.7, we have
k+1

2
k+1 k2 k+1 2 k+1 k2
" (fED = ) < = xM Mg, = 16 = xlly,,, — 16 = 28,
k

2 o
+ (A —x) ) v AT M - )2 (21)

Vi =1

Summing fork =0, ..., n — 1 the result follows immediately. |
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THEOREM 4.4 Let {x*} be the sequence generated by algorithm (PAVM) under (19) for some
Br =B > 0. Assume that (H-ii) holds and that X* is nonempty and bounded. If lim,,_, ., 6,, = +00,
then the following hold:

(i) The sequence { f (x¥)} converges to f..
(ii) The limit points of {x*} belong to X*.
(iii) The sequence {|lx* — ull%, } converges for all u € X*.

(iv) Furthermore, if (H-i) holds then {x*} converges to some x* € X*.
Proof
(i) Letbyi1(x) = (kL x4+ — xyand 0, (x) = v] | AT (x** — x)|[for j =1, ..., J. Using

(i)
(iii)

(iv)

(11),0ne has 6y 1(x) < 0k+1,Where grr1 = ni + ||x |8, which satisfies Z,fio Ory1(x) < 00
and as yr > B, Yoo, 6ks1(x)y, < co. On the other hand, by boundedness of {x*+!}
(see Proposition 3.5), there exists T > 0 such that | A/ (x*™ — x)|| < omax (A7) (z + [Ix1]),
forall j =1,...,J and therefore > -, ij':l 9,1(x) < oo. Then, dividing (20) by o,
and invoking Lemma 3.4(ii), we get from (20) that liminf f(x") < f(x) for each x € C
so that liminf f(x") < f,, which together with the fact that f(x") > f, implies that
liminf f(x") = f.. Hence, using Proposition 3.5, it follows that the sequence {f(x*)}
converges to f.

From Proposition 3.5, we have that {x*} is bounded. Since f is Isc, passing to the limit and
reminding ourselves that {x*} c C, it follows that each limit point is an optimal solution.
For all u € X*, from inequality (21), we obtain

”karl

J
2 .
2 k)2 1kt k+1 2
—ully,,, = llu—x ”Mk+y (€, X —M>+E VAT = )|
(

j=1

k1

By part (i), we get

J
2 ) .

k+1 2 k2 2 2
I —ully, ., <l — x5y, + Zokea + E Omax (A7) (z + [lulD?vy.

B

L j=1

Then, from the nonnegativity of || x* — u||§,|k, we can apply Lemma 3.4 for establishing the
convergence of ||x* — u||§,|k forall u € X*.

From part (iii), we obtain that the sequences {||x* — “”MZ} converge to some c(u) € R™,
Yu € X* and for each j = 1,..., J. Let x* be a limit point of {x*}. Take a subsequence
{xk} of {x*} such that xX — x° € X* (by (ii)). From hypothesis (H-ii), {M] } is bounded,
for each j =1,...,J. Passing onto a subsequence, if necessary, we can suppose that
M — M’ foreach j =1,...,J. Then |x% — x*|2 , — 0. So that ¢(x>) = 0. More-

ki

over, since ||x* — x°°||fw. > Amin(M})omin (A)2|[x¥ — x>||2 and (H-i) holds true, we get
k
that x¥ — x°°. [ ]

The following result yields a global rate of convergence estimate, which is similar to the one
obtained for proximal-type algorithms in convex minimization problems.
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PrOPOSITION 4.5  Let {x¥} be the sequence generated by PAVM. Assume hypotheses (H) hold and
that X* £ (. Then, there exists ¢ > 0 such that for all u € X*, we have

: lu = 2013, — llu = 2" S
f(x ) _ f(u) S M02 M, k+1 -xk“%/u
On k=0
1S 20+ s S 2
— 3 = o+ > vloha (AN + lul)? |, (22)
" =0 k j=1

Proof Letu e X*. Setting x* for x in (18), multiplying the resulting inequality by o} and using
the fact that oy41 = 1/ + ok (with op = 0), we get

1
k+1 k k+1 K+l k41l k k1 ky2
Gk+1f()€+)—<7kf(x)—yf(XJ”)SGk(EJ”,XJr —x*) — oyl = Xy,
k

Summing the last inequality over k =0, ..., n — 1, noting o = 0 and using (17), one has
n—1 n—1 n—1
o f (x") — Z f(xk“) <2) o — Y owyill X — x|, (23)
k=0 k=1

Adding twice (23) to (20), we have

n—1

02 2 k+1 k2

20, (f(x") = f)) < llu = xCFy, — llu = x" {1, = D 1" = x¥)iEy,
k_

n—1
k+1 k2
=2 ol — xR,

k=0
n—1 2 J
+ Y | T ) + Ao + Y 1A R — )P
k=0 y" =1

Because (e*t1, x 1 — ) < np + ullde, 1A7 (X — )| < omax (A7) (T + ||u])), for some 7 >
0, the above inequality can be written as

n—1

20, (f(x") = f @) < llu = x°Wfp, — lu = x" 11y, = Y vilor + o) 16 — x*[1F,
k=0

J

n—1

2k + Nlulls . .

30 [ FEEEE o+ 3 o405 + )’
k=0 k =1

Dividing by 20, we get the desired inequality. |
Remark 4.6 Ignoring the negative terms in the estimate of proposition above we obtain

02
G = f@) < W

n—1

J i ;
1 e+ llulls +||u||6 V] 02 (AT)
= 20 + Y A (o Ju))?
G” k=0 j=1 2
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The following result is a direct extension of [18, Theorem 3.1] to our algorithm. For simplicity,
we suppose that i, = ||¢*|| = 0, Vk > 1.

THEOREM 4.7 Let {x*} be the sequence generated by PAVM algorithm under (19) for some
Br > B > 0. Assume that hypotheses (H) hold, that X* is nonempty and bounded, and that n; =

€]l = 0, Vk > 1. If liM,_, o0 0 = +00, then o, (£ (x,) — f*) — 0.

Proof By Theorem 4.4(iv), x* converges to some x* € X*. We denote by ¢, = f(x*) — f(x*).
From (17), we have

O — Gerr = F5) = FOID) >yl — XM, (24)
Setting x* for x in (18), we obtain
xk+l )C* < _ ATM A xk+1 —)Ck xk+1 _x*
G = ) = f(XT) < —wmid KA ), )
= Y (ATMAGT — by, x* — %) =yl — xR 2
< —yk(ATI\/I,rCA()cH1 —xKy, Xk — x*y.

But [(ATMAGKKT — xk), xk — x*)| < ||xk+1—kuIMkllx*—kaMk, so from the inequal-
ity above one has &y1 < villx**t — xF[m lIx* — x¥|lm, or equivalently [x**1 — xk|y, >
§k+1/)/k||x — x¥|lm,. Using this mequallty in (24), we have & > &y + (G2 / v (Ix* —
KGO = G+ Gea/viellx™ — x4 ), whence

-1
Ck_l = Ek_Jrll (1 + Lg) . (25)

yille® — xF 2,

On the other hand, setting x* for x in the estimate of Lemma 3.7, we obtain
Vk Yk
FOED = FOMD 4 ST =G, < FO) 4 ST = 2,

which yields to
< §k+1k <
3
Veelle® — xX Iy,

N| -

Moreover, the function (1 4 ¢)~* is convex for ¢+ > —1, hence (14+1)"* <1 — (2/3)t, fort
[0, 1/2]. This last inequality together with (25) implies that

_ _ 2 g _ 2 1
Gt <4 <1_ gk—ﬂz) =51

yilla® — <2, 3yl — xH[2,

Summing thisfork =0, ...,n — 1, we get

(.»JIN

-1
-1 -1 -1
SEEL R Z |x*—xk||M
k
obtaining

1
(x*) < .
2 S (el — XK1 )t

=f&"—f
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Multiplying this inequality by o, gives
3 1

-1 -1 2 -1
20n Zzzo(VkHX*_xk”MA) !

on(f(x") = f(x™) =

By Theorem 4.4(iv), we have that ||x* — x"ll,\]lk — oo. Therefore, using the Silverman—Toeplitz

theorem [22, p. 76], the series o, 1 3020 (|l x* — xM||%, )~ — oo also. In consequence, the
result follows. [ |

5. PAVM-Log algorithm

5.1 Maetricinduced by the Hessian of the spectral log
In this section, we consider the following choice for the variable metric matrix:

My = 2Qp - (26)
This a block diagonal matrix, where each block is given by the inverse of the m; x m; matrix
Qi) defined in (5). This choice is a natural extension to SOC of the algorithm proposed by
Oliveira et al. [28]. Notice that (19) reduces to

2
Vi > %<amm(A>)*lxmax<Qw<xk))1/2<||g"|| + 8 + Br. 27)

The algorithm PAVM-Log for solving the problem (SOCP) is as follows.
Foreachk =1,2,...,letB; > 0,8, > Oandn;, > Owith B, € B, 1)Whereﬁ >0,> 8 < o0
and ) n; < oo.

Step 0. Start with some initial point x° € C. Setk = 0
Step 1. Given x* e C, gk € af (x%) and y; satisfying (27), solve

gt e af (Y, (28)
gk+1 + ZykATQQéI.Xk)A(xk—Fl _ xk) + BTw/H—l — €k+l, (29)
Bx*tt =d, (30)
for some w**t1 € R”, where
€ < 8, I€XTH max (L x4 1) < e (31)

Step 2. If x**1 satisfies a prescribed stopping rule, then stop.
Step 3. Replace k by k + 1 and go to step 1.

Remark 5.1 By virtue of Proposition 3.5, when X* is nonempty and bounded, then {y;} can be
chosen to be bounded: it suffices to take the equality in (27).
5.2 On the convergence of PAVM-Log

First, notice that Lemma 4.3 and Theorem 4.4 do not apply to PAVM-Log because (H-ii) fails
for (26). A similar situation occurs for the interior proximal algorithm proposed by Oliveira
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et al. [28], based on the logarithm barrier on the positive orthant. Following the ideas in [21], the
authors of [28] deal with the convergence of their algorithm by showing that any cluster point of
the iterates satisfies the KKT stationary conditions of the optimization problem. In our case, the
corresponding KKT conditions for (SOCP) are given by [2]:

(KKT) g+BTw=ATs, Bx=d, wkx) ek, sek, wkx)os=0,

where K = L% x --- x LT, w0 e R, g € 3f (x) and (x, 5) € R" x Hlf.:lR’”f a pair of primal-
dual solutions. Unfortunately, the analysis of [21,23] relies on some componentwise comparison
arguments which are not valid for spectral values. This technical problem also arises for several
algorithms for SOC and SDP optimization problems. Nevertheless, in our case, we have been able
to establish some partial results in the general case and a convergence result when the objective
function is linear. To do so, we will need the following technical lemma.

Lemma 52 Forany s € R”, we have that s € £ iff (s, y) > 0,Vy e L,y #0.

Proof For any s = (s1,5) € £, and y = (y1, y) € L} with y # 0, we know that [|5]| < s1
and |[3]| < y1. Then (s, y) =s1y1 +5'5 = s1yr — 5 13 = s1y1 — 15 y1 = ya(s1 — II51) >
0, where the first inequality follows from the Cauchy—Schwartz inequality. Now, we suppose that
(s,y) > 0,Vy e L with y # 0. Taking y = e we deduce thats; > 0. If 5 = 0, the result follows.
On the other hand, if 5§ # 0, we set y = (1, —5/||5|). It is clear that y € £ and y # 0. Hence,
0 < (s,y) =51 — II5]l = Amin(s). Thismeans that s € L , . |

ProposITION 5.3  Suppose that f is defined in all R” and assume that X* is nonempty and
bounded. Let {x*} be sequence generated by PAVM-Log, then:

(i) If a cluster point % of the sequence {x*} belongs to C (i.e. % is strictly feasible), then ¥ is
optimal for (SOCP).
(i) The dual sequence {s*1} defined by

St = 27 Qp oy W) — w(x* ) (32)
satisfies
Jim_ Q8™ =0 (53

(iii) Any cluster point (%, 3, g, @) of {(x*, ¢, g¥, w*)} satisfies
g+B'@=A"§ Bi=d, w@) ek,

. . A (34)
Amax(3) >0 and w/(%)'5/ =0, j=1,...,J.

Proof

(i) Since X* is nonempty and bounded and f is defined everywhere, the sequences
{(x¥1, g%t )} are bounded. Thus, there exist a subsequence {(x**1, gkt y )}
and a point (%, g, y) such that (x*+1 ghkitl 1, ) — (¥,8,7) as j — +oo. Moreover,
since B is onto, the subsequence w® of {w*} defined in (29) can be written as
fitl = (BBT)IB(ehit! — ghitl + ATSNFL). As ¥ € C, we get that lim;_ o 0+t =
—(BB")"'Bg, where we have used Lemma 4.2. Therefore, from (28) it follows that
0 € 3f (X)+Im(BT). This condition implies that % is an optimal solution of (SOCP).

(i) From the definition of s, one has yillx*™ — x* |1 = 2y (Qy s, (W(xF) — w(xk 1)),
w(xk) — wxk)) = 172y, (8, QuryS™). By Remark 5.1, the sequence {y;} can be
chosen to be bounded and the conclusion follows from Proposition 3.5.
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(iii) By construction of sequence {x*}, any cluster point ¥ € R” satisfy B¥ = d and w(¥) € K.
From (29) and (32) it follows that AT3 = g + B @, with $a limit point of the dual sequence

s+, Moreover, from (33) we get lim_ .o Q% S = 0, thatis, Q5 5= 0. Now, if =

(1, ..., 5)with§/ e Rmiforj =1,..., J,itfollows that Qi)/,.z(})Ef =0, forj=1,...,J
(recall that Q5 = diag(Q, ;. ... Q/7+))- From (7), we obtain that
0

0=w/(¥)os —

. _ DI ()T 57 ; i=1,...,J,
(w{ *) — det(u)-i (;))1/2) (gj _ Mu‘)j (g)) ]

[/ ()12

where we used that 5§/ = (E{, §7) € R x R™i~1. By the definition of product ‘o, the first
component in the equation above implies that w/ (x)'5/ =0, for j =1,..., J.

It only remains to prove that Amax(57) > O forall j =1,..., J. If w/(¥) € £, for some j €
{1,..., J},then Qi/,z(i) is nonsingular by [2, Corollary 4] and hence the limit (33) impliesthat §/ =
0 and in particular Amin(3/) = Amax(57) = 0. Consider now the case when w/ (¥) € 8L’ \ {0} for
some j € {1, ..., J}. We argue by contradiction, that is, we suppose that Amin(5/) < Amax(5/) <
0. In that case, by virtue of Proposition 2.1(e), we get —5/ € £}, and, as Yw/(¥) € £’ by
Lemma 5.2, it follows that w/(¥) "5/ < 0, which is a contradiction. [ |

Remark 5.4 Notice that, as w(¥) € K and w(¥)'3=0, if 5= (5%, ...,5’) € K, then we get
that w(X) o = 0 by virtue of [2, Lemma 15]. Hence, in order to verify that the cluster point
(%, 8 g, @) satisfies KKT, it only remains to prove that Amin(5/) > 0, which amountsto 5/ € £},
forall j =1,..., J. We conjecture that this is true for a general (SOCP).

The following result gives a very special case where we have been able to establish that any
cluster point (%, 3, g, @) of {(x*, s, g%, w*)} satisfies KKT by showing that 5 € K.

ProposITION 5.5 Under the assumptions and notations of Proposition 5.3, if in addition f is
supposed to be linear, i.e. f(x) = c¢'x, and the following inclusion holds foreach j =1, ..., J

Al(KerB) 2 £, (35)
then 3 e IC. In consequence, any limit point of {x*} satisfies the KKT conditions.

Proof Let3=(5,...,57) be a limit point of {s'}. Recall that for j =1,...,J, C; = {x €
R": Alx + b/ e L'}, F =[]/, C;, B= {x e R": Bx = d} and C = BN F. Itis well known
that X* be nonempty and bounded iff [5,32]

foold) >0, VdeCu, d#0. (36)

Now, note that the recession function of f is given by f..(d) = c'd, for all 4 € R", and the
recession set of feasible set is given by Coo = {d e R": Ald e L7/, j=1,...,J, Bd =0}.
Then condition (36) can be rewrittenasc'd > 0,Vd # 0; A’d e £, j =1,...,J, Bd = 0.0n
the other hand, from (34), we getthatc"d = (AT3— BT ®)"d, with & limit point of {w*+1}. Thus
§'Ad >0,¥d #0; Alde LY, j=1,...,J, Bd = 0. Then (35) implies that Y"7_, v} §/ =
Vs> 0, forallv e Kwithv # 0.Fix j € {1,..., J}suchthatv; # 0, then Lemma5.2 implies
that 5/ € L’_’;ﬁr. As this holds forany j =1, ..., J, it follows from Proposition 5.3 that any limit
point of {x*} satisfies the KKT conditions of (SOCP), that is, ¥ € X*. |
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6. Computational experiments on some specific applications

6.1 Preliminaries

We will discuss some computational results on some specific instances of two classes of SOCP:
multiload models in truss structural optimization and robust classification by hyperplanes under
data uncertainty. Our goal is to show how our algorithm PAVM-Log works in practice and verify
empirically that it produces correct results. On purpose we have chosen two well-known applica-
tions that can be formulated as a LSOCP. This allows us to compare our results with those obtained
by SeDuMi 1.1R2 toolbox for MATLAB, which implements a primal—dual interior point method
for solving LSOCPs [36]. Since by construction our algorithm forces x* to be strictly feasible, we
use SeDuMi’s result as a benchmark for the optimal value so that a small difference between f (x%)
and that benchmark will ensure the correctness of our solution, up to some relative error tolerance
of course. The computer codes were all written in MATLAB 7.3, Release 2006b. The experiments
were performed on a Toshiba Tecra laptop with an Intel Pentium M 740 CPU 1.73 GHz processor
and 512 MB of RAM, running Microsoft Windows XP.

6.2 Trussstructural optimization

A truss is a mechanical structure composed of thin elastic bars, connecting some pairs of nodal
points in R? (d = 2, 3). Given a load (distribution of external forces), the truss deformates until
the reaction forces compensate the external load, storing a certain amount of potential energy,
named the compliance. This measures the stiffness of the truss, that is, its ability to withstand the
load; the less the compliance, the more rigid is the truss with respect to the load [1,7].

Let n =d - N — s be the number of degrees of freedom of a ground structure consisting of
N nodes, where s is the number of fixed directions. Let m > n be the number of potential bars.
We denote by x; = a;¢; > 0 the volume of the ith bar, where a; is its cross-sectional area and
¢; its length. We assume that external loads f € R" apply only at nodal points and bars are
subject to axial tension or compression. The mechanical response of the truss is described by
the elastic equilibrium system K (x)u = f, where u € R” is the nodal displacements vector and
K(x) =", x;K;. Here, x > 0 is the volume vector and K; € R"*" is the specific stiffness
matrix of the ith bar, and is given by K; = (E; /El.z)gi g“l.T, where E; is the Young modulus for the
material of the ith bar and ¢; € R" is a vector that contains the cosines and sines describing the
orientation of ith bar.

Optimal solutions with respect to compliance using a single load model may be unstable, even
under small perturbations in the principal load. An alternative is to consider a multiload model
instead of the single load one, by minimizing a weighted average of the compliances associated
with r different loading scenarios fi, ..., f, € R" [1,3], namely

xeR™,u;eR"

. 1 .
min E;A’jfj—ruj; K(X)Mj:fj, J:l,...,r,

37)
m
Zx,- =V, x;,>0, i=1,...,m,
i=1
where A; > 0, j =1, ..., r, denote suitable weights on the individual compliance values, for a

givenvolume V > 0 of material. As is shown in [25] (see also [7, §3.4.3]), (37) can be equivalently
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written as the following LSOCP:

1 m r m m \/E
min - Aitii; E =V, »=E i—¢, j=1...,r,
<R oR R 2 ZZ it 1 X V, fi L Yij I Gis ] r
1= 1=

i=1 j=1

(38)
(x,-—i—tij,Zyij,x,-—tij)eEi, i=1....,m, j=1,...,r

Since the objective function in (38) is linear, the proximal step in PAVM-Log corresponds to
the unconstrained stationary condition for a quadratic function, which amounts to solving exactly
(8x = nx = 0) a linear system of the form:

- _ 1 _
2nAT QAT + BToM ! = 2y ATQuL AL = 200, 1,0,); BITT =7 (39)
for some w ! € R where z = (x,t,y) € R@+D™ stands for the decision variable with
X=(x1,..., %), t= (11, 021, - s by oo By B2rs ooy ) ANAY = (D11, Y21+ o Yinds + -+ V1rs
Yors «oes ymr). and

w(2) = (@i + Zjmtis 220+ jym+is 20 — Ljmti) = (Xi + tij, 2Yij, Xi — tij).

convergence, we implemented the following relaxed version: we take the regularization parameter
as the smaller of the form
1 m "
V() = o; Vm Coomax  (naxIENI B |, 0 < €< liax, (40)
ZE 2 i=1,...m,j=1,...r
in such a way that the updated proximal point be strictly feasible. More precisely, denote by z(¢)
the proximal point corresponding to the regularization parameter y; (£), that is, z(€) is the solution
of (39)
- 1
ZATQ;V%Z"/")AAZ]( + BTw/H—l = _E(Om’ 1 Om), BAZk =0
for some &' e R Then we set "l =z(¢) ="+ y(€) 1A, where ¢ =
max{o0, ..., €may : z(£) € C}.
Finally, as the stopping rule, we take

k+1 _ Zk ”

llz
—Ilzk“II < Tol, (41)

where Tol is a prescribed relative tolerance.

In our experiments, we consider three instances of classic examples of multiload truss opti-
mization: the Michel 2 x 1, the 2D Cantilever and the Dome [1,3]. In Table 1, we summarize
some information on the sizes of these problems.

Table 1. Truss design test problems.

Type of No. of bars No. of nodes No. of degrees
problem (m) (N) of freedom (n)
Michell 2 x 1 12 6 8
Dome 104 33 75

2D Cantilever 200 82 160
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Table 2. Total number of iterations, CPU time, and objective value comparisons for tolerances Tol = 10~2, 10~3.

Tol = 102 Tol = 103
No. of main  CPU time No. of main  CPU time CPU time
Problem iterations PAVM CPAVM - €SDM iterations PAVM CPAVM — €SDM SeDuMi
CSDM CSDM
Michell 2 x 1 09 0000”11 0.005230 22 0000”.16 0.002425 00'00”.62
Dome 10 00'41”.36 0.051599 64 04'29”.48 0.019733 00'01”.27
2D Cantilever 18 03'07".28 0.014832 56 09'57”.51 0.005664 00'01”.40

The loads applied on the structures Michell 2 x 1 and 2D Cantilever are modelled as two
scenarios, one with only horizontal loads and the other one with only vertical loads, with values
between 1 and 10 and weights & = (1/2, 1/2). In the case of the Dome, we consider one vertical
load and two orthogonal loads which are applied just on the top, with values between 10 and 20, and
r=(1/3,1/3,1/3). Inall cases, V = 1. The starting point z° is given by y9j =TT/ T,

x0=1/m andtij-’ = yiﬂ?z/xi0 +25,fori=1,...,mandj=1,...,r.Wetake y = 0.1and §; =
nx = 0. In (40) we take £max = 10. In the stopping rule (41), we use Tol = 102 and Tol = 1073.

Table 2 reports the results of our experiments and provide some comparisons with SeDuMi
1.1R2 toolbox for MATLAB. The second and fifth columns show the number of proximal iter-
ations to fulfil (41), the third and sixth columns report the CPU time by using our MATLAB
implementation of PAVM-Log, the fourth and seventh columns provides the relative difference
between the value of the objective function (compliance) at the output solution obtained by
PAVM-Log algorithm, and the optimal compliance given by SeDuMi, denoted by cpaym and
cspwm, respectively. The last column shows the CPU time required by SeDuMi.

For the 2D Cantilever, the largest problem, PAVM-Log provides output solutions with an
optimality gap of 0.6% or 1.5% when compared with the benchmark given by SeDuMi. In the
case of the Dome, the same difference varies between 2.0% and 5.2%. With the exception of
the Michell 2 x 1, SeDuMi is faster than PAVM-Log. In fact, PAVM-Log’s CPU time increases
considerably for medium-size problems.

6.3 Support vector machines under uncertainty

Let us consider the following general binary classification problem: from some training data
points in R", each of which belongs to one of two classes, the goal is to determine some way of
deciding which class new data points will be in. Suppose that the training data consist of two sets of
points whose elements are labelled by either 1 or —1 to indicate the class they belong to. If there
exists a strictly separating (n — 1)-dimensional hyperplane between the two data sets, namely
H(W, b) = {x € R": w'x — b = 0}, then the standard support vector machine (SVM) approach
is based on constructing a linear classifier according to the function f(x) = sgn(w'x — b). As
there might be many hyperplanes that classify the data, in order to minimize misclassification,
one picks the hyperplane which maximizes the separation (margin) between the two classes, so
that the distance from the hyperplane to the nearest data point is maximized. In fact, if we have a
set 7 = {(X1, y1), - . . » X, ¥m)} Of m training data points in R” x {—1, 1}, the maximum-margin
hyperplane problem can be formulated as the following quadratic programming (QP) optimization
problem [13]:

1
min S Wl yiw'x; —b) =1, i=1,...,m. (42)
wb 2
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If this problem is feasible then we say that the training data set 7 is linearly separable. The
linear equationsw'x — b = 1andw'x — b = —1 describe the so-called supporting hyperplanes.

Following [34,35], suppose that X; and X, are random vector variables that generate samples
of the positive and negative classes, respectively. In order to construct a maximum-margin linear
classifier such that the false-negative and false-positive error rates do not exceed n; € (0, 1] and
n2 € (0, 1], respectively, let us consider the following quadratic chance-constrained programming
problem:

1
mi[p §||W||2; Prob{w"X; — b < 0} < 1, Prob{w'X, —b > 0} < ns. (43)
w,

In other words, we require that the random variable X; lies on the correct side of the hyperplane
with probability greater than 1 — »; fori = 1, 2. Assume that fori = 1, 2 we only know the mean
u; € R"and covariance matrix X; € R"*" of the random vector X;. In this case, foreachi = 1, 2,
we want to be able to classify correctly, up to the rate »;, even for the worst distribution in the
class of distributions which have common mean and covariance X; ~ (w;, X;), replacing the
probability constraints in (43) with their robust counterparts

sup  Prob{w'X; —b < 0} < 51, sup  Prob{w'X, —b > 0} < 1.
X1~(p1,%1) Xo~(p2,22)
By virtue of an appropriate application of the multivariate Chebyshev inequality, this worst
distribution approach leads to the following QSOCP, which is a deterministic formulation of (43)
(see [34] for all details):

1
min SIwii% Wiy —b = 1+ e lISwil, b—w'pp = 1+ eI wi, (44)

where X; = ;ST (for instance, Cholesky factorization) fori = 1, 2, and ; and «; are related via
the formulax; = +/(1 — n;)/n;. Notice that similar to the standard hard-margin SVM formulation
(42), problem (44) can be written as an LSOCP:

mine ¢ > Wi, Wiy —b>1+k|STWI, b—W'py > 1+ lSwl.  (45)
1,W,

Note that any feasible hyperplane must separate the means; hence, the natural condition wq # w2
is necessary for (44) to be feasible. Since x; — 0 when »; — 1, problem (44) can be made
feasible whenever 1 # o by choosing appropriate values for 1 and n,. By choosing 1 # 12,
this formulation can be used for classification with preferential bias towards a particular class;
for instance, in the case of medical diagnosis, one can allow a low n; and a relatively high
n2 [34, Section 4]. Finally, we can mention that these problems can be unfeasible for some values
of ny or ny, for instance, when we take n; — 0, we get x; — oo.

So far we have assumed that the mean—covariance pairs (u;, X;) are known. However, in many
practical situations, we only have the training data set 7 = {(X1, ¥1), - - - » (Xun» Ym)}. ASSUMINg
that 7~ consists of two samples of independent observations of the random vectors Xy for y =1
and X, for y = —1, the idea is to replace (u;, ¥;) with a statistical estimator (z;, f,-); this can be
done by computing the sample mean and covariance for each class from the available observations.

Finding an initial condition of problem (44) may be difficult. Therefore, we consider the
following soft-margin SVM formulation:

1
min S |w[> +v(E +&); Wipg —b>1—& 4«1l S{wl,
w,b,& 2 (46)
b—wW'py,>1—&+io|S;wl, & >0, & >0,

where v > 0 is a sufficiently large penalty parameter. This is based on the Cortes and Vapnik
approach [13] for training data that are not linearly separable. If (44) is feasible, then at the
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optimum for (46), we obtain & = & = 0; otherwise, we detect unfeasibility. Let us denote the
decision variable by z = (w, b, &1, &) € R"*3. Set

wi(z) = &+ (=D (w—b) — 1, k5 w) e £1H,

for i =1, 2. As we have also the positivity constraints & > 0, we adapt the idea of Oliveira
et al. [28] to this situation, that is, for those constraints, we consider the Hessian of the logarithm
barrier function ¥ (&1, &) = —log(&1) — log(&>).

Notice that the objective function is quadratic. Then, the proximal step in PAVM-
Log corresponds to the unconstrained stationary condition for a quadratic function, which
amounts to solving exactly (8 = nx = 0) a linear system. Condition (27) reduces to y; >
(Omin(A) ™2 /v/2Max; 1 2 {Amax (W' (), £F}(2v2 + ||WK[)Y/2 + ;. As in the previous applica-
tion, we implement the following relaxed version:

1 2
ye(l) = [Z—CA),m_ax{kmax(w (@), §1@v* + W ||>1/2+ﬂk}, (47)

and denote by z(¢) the solution of the corresponding linear system with y; (¢) instead of y;. Then
we set Z+1 = z(€7), where £f = max{0, ..., €max : 2(£) € C}.

Let us consider the well-known example called Fisher’s Iris data set, which is classical in the
pattern recognition literature, see for instance http://archive.ics.uci.edu/ml/datasets/Iris. These
data contain two measures taken from a sample of 100 ornamental flowers. The data set contains
four attributes of an iris, and the goal is to classify the class of iris based on these four attributes.
We restrict ourselves to the two features that contain the most information about the class, namely
the petal length and the petal width, sepal length and sepal width. There are three species, setosa,
virginica, and versicolor, of which, two are considered in each set. We look to classify the flowers
of each set in two species of the existent ones. In all the examples, n = 2.

In our implementation of the PAVM-Log algorithm, we use the following notations and values.
We use the MATLAB commands mean and cov on the training data, to compute the estimated
means /i and covariance matrices 3, respectively. The matrices S; are computed by Cholesky
factorlzatlon The startlng point (WP, b°) by means of: w0 = 1. 1(W/a) b° = 1.1(b/w), where
@ = pui W0+ b, W° = (11 — par, iz — 122), B° = 1/2(u3y — by + 13, — u3,). The vector W
is taken as the orthogonal vector to the normal of the segment joining 1, and u1, b as the value
in the hyperplane evaluated in the medium point of w, and w;. And, éio = /((i)||SiTWO|| +0.9.
We take v = 10, 000, B = 0.12, 8; = nx = 0. In the relaxed version (47) for the regularization
parameter, we take ¢max = 10.

Tables 3 and 4 report the results of our experiments and provide some comparisons with SeDuMi
1.1R2 toolbox for MATLAB. In these tables, the first and second columns show the error rates, the
third and sixth columns show the number of iterations to fulfil the stopping rule (41), the fourth and
seventh columns report the CPU time by using our implementation in MATLAB of this specialized
version of PAVM-Log, the fifth and eighth columns provide the relative difference between the
value of the objective function at the output solution obtained by PAVM-Log algorithm, and the
optimal given by SeDuMi, denoted by valpaym and valspw, respectively. Finally, the last column
shows the CPU time required by SeDuMi toolbox using its default configuration. The value x
in the table represents infeasibility of the problem. If such a case occurs, CPU times correspond
to the time required by the PAVM-Log algorithm to reach the prescribed tolerance, obtaining an
infeasible solution (i.e. when & # 0 or & # 0).

In these experiments, we can observe that output solutions are optimal up to a gap whose range
varies from 0.1% to 3.0% when compared with the benchmark given by SeDuMi, for different
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Table 3. Numerical comparisons with SeDuMi applied to data set: Setosa vs Versicolor.
Tol =10~* Tol = 1075
No. of main CPU | | No. of main CPU | | CPU time
n1 02 iterations time Valpavm — V&lsom iterations time Valpavm — Valsom SeDuMi
Va|3DM Va|5DM
07 01 27 0”.027 0.006623 82 0”.050 0.006441 0”.210
05 01 11 0”7.031 0.013009 31 07.031 0.002217 0”.180
03 01 13 0”.010 X 35 0”.032 X 0”.050
01 01 7 07.014 X 20 07.022 X 0”.070
01 03 12 0”.022 0.019774 23 07.029 0.014521 0”.130
03 03 11 0".022 0.043908 34 0”.032 0.030113 0”.160
03 05 18 0".027 0.021844 51 0”.045 0.017778 0”.200
Table 4. Numerical comparisons with SeDuMi applied to data set: Versicolor vs Virginica.
Tol = 10~* Tol = 1075
No. of main CPU | | No. of main CPU | | CPU time
. . . a —va . . . a —va .
n 2 iterations time Valpavm — Valsom iterations time Valpavm — Valsom SeDuMi
valspm valspm
09 03 7 0”.022 0.015485 10 0”.030 0.010218 0”.170
0.7 03 8 0".022 0.005198 11 0”.023 0.005053 0”.180
05 03 8 0”7.017 0.003034 28 0”.033 0.001307 0”.220
03 03 7 0”.007 0.004301 19 07.024 0.004157 0”.210
03 07 14 0”.018 0.012250 42 0”.029 0.009152 0”.140
01 03 12 0”.015 X 24 0”.031 X 0”.020
0.7 05 7 07.014 0.019001 12 07.022 0.015555 0”.150

values of ;. In all cases, PAVM-Log CPU time is much less than SeDuMi’s. Due to the small size
of the problems to be solved, we can decrease the error tolerance without much computational cost.

Tables 5 and 6 provide the computational results with smaller tolerances for some values of »;
applied to the first data set, obtaining with PAVM-Log an optimality gap whose range varies from
0.3% to 0.7% with reasonable CPU time.

Table 5. Numerical comparisons with SeDuMi applied to data set: Setosa vs Versicolor.

Tol =107 Tol = 107
No. of Main CPU | | No. of main CPU | | CPU time
nmoom iterations time ~ YAPAYM ZVAISDM  iorations time ~ YAPAYM TVAISDM - gopy M
valspm valspm
07 01 259 07.173 0.005144 944 0”.608 0.004195 0”.210
01 03 60 07.044 0.009389 259 07.179 0.004317 07.130
03 05 143 07.092 0.008224 492 07.319 0.004422 0”.200
Table 6. Numerical comparisons with SeDuMi applied to data set: Versicolor vs Virginica.
Tol = 10-° Tol = 107
No. of main CPU I | No. of main CPU | I CPU time
n 12 iterations time Valeavm — Valsom iterations time Valpavm — Valsom SeDuMi
valspm valspm
07 03 14 07.039 0.004017 19 07.045 0.003424 07.180
03 07 136 07.092 0.006096 412 07.301 0.002556 07.140
0.7 05 19 0"7.029 0.011935 31 0”.051 0.006506 07.150
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6.4 Concluding remarks on the numerical tests

The previous numerical results show that the PAVM-Log algorithm can be applied to solve approx-
imately LSCOP problems. As one should have expected, we see that SeDuMi is much faster in
terms of CPU time than PAVM-Log for medium-size LSOCP test problems. For very small size
problems, both algorithms are comparable with an optimality gap less than 1%. The comparison
with SeDuMi in terms of CPU time is not completely fair because of our rather straightfor-
ward implementation of PAVM-Log. Even so, it is natural that in the linear case an interior
point method, which is based on self-dual embedding and uses a primal—dual predictor—corrector
scheme, performs better than our purely primal proximal-point strategy.

It is worth pointing out that the PAVM-Log algorithm is not intended to compete with numerical
methods for LSOCP such as SeDuMi, which is an efficient method in particular for large-scale
problems. But PAVM-Log might be considered as an alternative for small-size problems and, more
importantly, for nonsmooth convex SOCP for which it is not clear how to extend SeDuMi-like
approach. Indeed, convex problems can be addressed by conventional local algorithms since all
critical points are global minimizers. The regularized proximal subproblem being strongly convex,
we expect local algorithms to perform efficiently enough to find good approximate solutions at
reasonable execution time. When the objective function is nonsmooth, we can work with the
so-called bundle methods [19,23].

In this direction, the computational results presented here should be considered just as an
intermediate step towards more general and possibly nonsmooth convex problems, which are not
addressed in this paper from the numerical point of view. In fact, the PAVM-Log algorithm as
presented here is only schematic. There are a lot of theory aspects and implementation issues
which should be addressed before performing and evaluating carefully designed computational
experiments in the nonsmooth convex case, and this goes beyond the scope of this paper.

Acknowledgements

The authors are grateful to the anonymous referees for their comments on the original manuscript. Their suggestions were
very useful to improve this work. The authors also wish to thank Professor Paulo J.S. Silva for stimulating conversations
and helpful comments. This work was partially supported by FONDECYT under grants 1050706 and 1070297, FONDAP
in Applied Mathematics, BASAL project, and the Millennium Scientific Institute on Complex Engineering Systems funded
by MIDEPLAN-Chile. The second author was also supported by CONICYT.

References

[1] W. Achtziger, Topology optimization of discrete structures: An introduction in view of computational and nosmooth
aspects, in Topology Optimization in Structural Mechanics, Vol. 374, CISM Courses and Lectures, Springer, Vienna,
1997, pp. 57-100.

[2] F. Alizadeh and D. Goldfarb, Second-order cone programming, Math. Program. Ser. B 95(1) (2003), pp. 3-51.

[3] F. Alvarez and M. Carrasco, Minimization of the expected compliance as an alternative approach to multiload truss
optimization, Struct. Multidiscip. Optim. 29(6) (2005), pp. 470-476.

[4] A. Auslender, Variational inequalities over the cone of semidefinite positive matrices and over the Lorentz cone,
Optim. Methods Softw. 18(4) (2003), pp. 359-376.

[5] A. Auslender and M. Teboulle, Asymptotic Cones and Functions in Optimization and Variational Inequalities,
Springer Monographs in Mathematics, Springer-Verlag, New York, 2003.

[6] A. Auslender and M. Teboulle, Interior gradient and proximal methods for convex and conic optimization, SIAM
J. Optim. 16(3) (2006), pp. 697-725.

[7] A. Ben-Tal and A. Nemirovski, Lectures on Modern Convex Optimization, MPS-SIAM Series on Optimization,
Society for Industrial Mathematics, Philadelphia, 2001.

[8] J.F. Bonnans, J.Ch. Gilbert, C. Lemachéral, and C.A Sagastizabal, A family of variable metric proximal methods,
Math. Program. Ser. A 68(1) (1995), pp. 15-47.

[9] J.V. Burke and M. Qian, A variable metric proximal point algorithm for monotone operators, SIAM J. Control
Optim. 37(2) (1999), pp. 353-375.



Downloaded by [201.17.109.196] at 15:21 18 July 2011

Optimization Methods & Software 881

[10] J.V. Burke and M. Qian, On the superlinear convergence of the variable metric proximal point algorithm using
Broyden and BFGS matrix secant updating, Math. Program. Ser. A 88(1) (2000), 157-181.

[11] Y. Censor and S. A. Zenios, The proximal minimization algorithm with D-function, J. Optim. Theory Appl. 73(3)
(1992), pp. 451-464.

[12] G. Chenand M. Teboulle, Convergence analysis of proximal-like minimization algorithm using Bregman functions,
SIAM J. Optim. 3(3) (1993), pp. 538-543.

[13] C. Cortes and V. Vapnik. Support-vector networks, Mach. Learn. 20 (1995), pp. 273-297.

[14] J. Eckstein, Nonlinear proximal point algorithms using Bregman functions, with applications to convex programming,
Math. Oper. Res. 18(1) (1993), pp. 202-216.

[15] J. Faraut and A. Koranyi, Analysis on Symmetric Cones, Oxford Mathematical Monographs, Oxford University
Press, New York, 1994.

[16] M. Fukushima, Z.-Q. Luo, and P. Teng, Smoothing functions for second-order cone complementary problems, SIAM
J. Optim. 12(2) (2001/2002), pp. 436-460.

[17] J.Ch. Gilbert, Optimisation Différentiable — Théorie et Algorithmes. Syllabus de cours a I’lENSTA, 2002. Avaliable
at http://www-rocq.inria.fr/ ~gilbert/ensta/optim.html.

[18] O. Giller, On the convergence of the proximal point algorithm for convex minimization, SIAM J. Control Optim.
29(2) (1991), pp. 403-419.

[19] J.-B.Hiriart-Urruty and C. Lemaréchal, Convex Analysis and Minimization Algorithms I1: Advanced Theory and Bun-
dle Methods. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
\ol. 306. Springer-Verlag, Berlin, 1993.

[20] R. Horn and C. Johnson, Matrix Analysis, Cambridge University Press, 1990.

[21] A.N. lusem, An interior multiplicative method for optimization under positivity constraints, Acta Appl. Math. 38
(1995), pp. 163-184.

[22] K. Knopp, Theory and Application of Infinite Series, Blackie & Son, Glasgow, 1951.

[23] C. Lemarechal and C. Sagastizabal, Variable metric bundle methods: From conceptual to implementable forms,
Math. Program. 76 (1997), pp. 393-410.

[24] A.S. Lewis, Convex Analysis on the Hermitian Matrices, SIAM J. Optim. 6(1) (1996), pp. 164-177.

[25] M.S. Lobo, L. Vandenberghe, S. Boyd, and H. Lebret, Applications of second-order cone programming, Linear
Algebra Appl. 284(1-3) (1998), pp. 193-228.

[26] B. Martinet, Perturbation des methodes d’optimisation, aplication, RAIRO anal. Numer. 12 (1978), pp. 153-171.

[27] J.J. Moreau, Proximité et dualité dans um espace Hilbertien, Bull. Soc. Math. France 93 (1965), pp. 273-299.

[28] G.L. Oliveira, S.S. Souza, J.X. da Cruz Neto, and P.R. Oliveira, Interior proximal methods for optimization over the
positive orthant, preprint, 2009.

[29] J. Peng, C. Roos, and T. Terlaky, Primal-dual interior-point methods for second-order conic optimization based on
self-regular proximities, SIAM J. Optim. 13(1) (2002), pp. 179-203.

[30] R.A. Polyak, Introduction to Optimization, Optimization Software, New York, 1987.

[31] M. Qian, The Variable Metric Proximal Point Algorithm: Theory and Application, Ph.D. thesis, University of
Washington, Seattle, WA, 1992.

[32] R.T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.

[33] R.T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM J. Control Optim. 14(5) (1976),
pp. 877-898.

[34] J. Saketha Nath and C. Bhattacharyya, Maximum margin classifiers with specified false positive and false nega-
tive error rates, Proceedings of the Seventh SIAM International Conference on Data Mining, 26-28 April 2007,
Minneapolis, Minnesota. http://www.siam.org/meetings/proceedings/2007 /datamining/papers/004Jagarlapudi.
pdf.

[35] P.K. Shivaswamy, C. Bhattacharyya, and A.J. Smola, Second order cone programming approaches for handling
missing and uncertain data, J. Mach. Learn. Res. 7 (2006), pp. 1283-1314.

[36] J.F. Sturm, Using SeDuMi 1.02, A Matlab toolbox for optimization over symmetric cones, Optim. Methods Softw.
11(1-4) (1999), pp. 625-653. Available at http://sedumi.ie.lehigh.edu/

[37] T. Tsuchiya, A convergence analysis of the scaling-invariant primal-dual path-following algorithms for second-
order cone programming, Optim. Methods Softw. 11(1-4) (1999), pp. 141-182.





