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Abstract In this article, we study the metric subregularity of generalized equations
using a new tool of nonsmooth analysis. We obtain a sufficient condition for a gen-
eralized equation to be metrically subregular, which is not a necessary condition for
metric regularity, using a subtle adjustment of the Mordukhovich coderivative. We
apply these results to the study of the metric subregularity in a Cournot duopoly game.
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1 Introduction

Metric subregularity is an important concept in analysis. For this reason, a large quan-
tity of publications about metric subregularity and its applications (see, e.g., [1-8])
exists. This article deals with metric subregularity in generalized equations. Metric
subregularity in generalized equations has been studied by many authors (see, e.g.,
[7-9]) and has many applications; for example, it allows for constraint qualifications
in mathematical programming with equilibrium constraints or bi-level problems to be
obtained (see, e.g., [10-12]) and it also allows for stability results with respect to a
parameter in equilibrium problem to be obtained (see, e.g., [13, 14]). In several cases,
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no metric regularity in a generalized equation exists but metric subregularity does,
so the Mordukhovich criterion for metric regularity is not well adapted to the study
of metric subregularity in generalized equations. In [15-17], the authors introduce
directional versions of metric regularity and metric subregularity and have applied it
to nonsmooth optimization problems and MPEC problems.

In some recent advances [1,4—6], the authors introduce some outer objects in order
to obtain sufficient conditions for metric subregularity which are not necessary condi-
tions for metric regularity. In this article, we make a subtle adjustment of these outer
objects in order to obtain a well adapted sufficient condition for metric subregularity
in generalized equations.

The article is organized as follows: in Sect. 2, we introduce the tools of nonsmooth
analysis that we used. In Sect. 3, we obtain a sufficient condition for a generalized
equation to be metrically subregular. In Sect. 4, we apply the results that we obtained
in Sect. 3 in a Cournot duopoly game.

2 Coderivative and Metric Subregularity

This section is directly inspired by Mordukhovich’s article [18] and book [19]. We
introduce some notations: consider a set-valued mapping 7 : R" = R™. We define
the domain of 7 by dom(T) := {x € R" : T(x) # @}, the graph of T by Gr(T) :=
{(x,y) €e R* xR™ : y e T(x)} and the inverse map of T by T"(y) := {x €
R" : y e T(x)}forall y € R™. We can observe that Gr(T~") = {(y,x) : (x,y) €
Gr(T)}.

Consider a set-valued mapping 7 : R” = R". Let x € dom(7T). The limsup of T
at x is given by:

Limsup 7' (x) := {x* eR" : 3x, —» X, Ix) > x*withVn, x} € T(xn)}.
xX—X
Let K C R" and x € K, we define the Fréchet normal cone by:

(x*, x" —x)

N(K,x):={x* €R" : Limsup -
llx" — x|

JK
X' —>X
The limiting normal cone of K at X € K is defined by:

N (K, x) := Limsup N(K, X).

K _
X—>X

Let T : R" == R™ be a set-valued mapping and (x, y) € Gr(T). The coderivative
D*T (x]y) : R™ = R" is given by:

Vy* e R", D*T(X[9)(y") = {x" e R" : (x*, —y") € NpL(Gr(T), (¥, )}
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We also define the limiting subdifferential of ¢ : R” — R U {400} at a point x where
¢(x) < oo by:

dp(¥) :={x* e R" : (x*, —1) € Nr(epi(p), (¥, p(¥)))}.

where epi(p) := {(x,y) e R" xR : y > ¢(x)}.

The following sum rule is very important. The proof is given, for example, in [19,
Theorem 6.2]. If F : R* = R™ is a set-valued map and f : R" > R™ is a C!
function around x, then we have, for any y € F(x):

D*(F + /)|y + f & M) = D FEIHGY) +Df D)* (). €))

We recall that Df (x)* is the adjoint of the differential Df (x). When we use the
sum rule (1) with F = O,,, we obtain: if f is a C I function around ¥, then
D* f(xX[fG)N(*) = Df ()" (y).

The following defines the metric regularity and subregularity. We recall that for
any subset K C R"” and x € R”, the distance from x to K is given by dist(x, K) :=
inf {[lx — y|l : yeK}.

Definition 2.1 Let 7 : R" = R™ and (x, y) € Gr(T).

1. We say that T is T-metrically regular around (x, y), with t > 0, if there exists a
constant r > 0 such that:

Vx € B(x,r), Yy € B(y,r), tdist(x, T_l(y)) < dist(y, T (x)).

2. We say that T is t-metrically subregular at (x, y), with v > 0, if there exists a
constant r > 0 such that:

Vx € B(x,r) , tdisttx, T~'(§)) < dist(y, T (x)).

3. We say that T is metrically regular around (x, y) (resp. T is metrically subregular
at (x, y)) if there exists a constant ¢ > 0 such that T is r-metrically regular around
(x, ¥) (resp. T is T-metrically subregular at (x, y)).

The metric subregularity is a weaker version of the metric regularity. Consider a
set-valued mapping 7 : R” = R and (x, y) € Gr(T), the Mordukhovich criterion
for metric regularity says that if 7 has a closed graph, then T is metrically regular
around (¥, y) if and only if the following implication holds true (see, e.g., [18,19]):

0e DTy = y* =0. 2
IfTisasum 7T = F + f,where F : R"” = R"and f : R" - R™is C! function,
then by sum rule (1), 7 is metrically regular around (x, y + f(x)) € Gr(T) if and

only if the following implication holds true:

0 e D*F(X[))(y") + Df(@)*(y") = y* = 0. 3
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The coderivative gives a criterion for metric regularity which is a sufficient condition
of metric subregularity, but in many cases a metric subregular set-valued mapping is
not metrically regular. A good tool for metric subregularity is the outer coderivative
(see, e.g., [1,4]), which is given by:

DIT(E[P)(y*) = {x* eR" : (x*, —y") € Limsup N.(Gr(T), (x,y) ¢ (4
(x,y)=>(x.3)
(x,y)€Gr(T)
V€T (x)

In this paper, we introduce the following object, which is a subtle adjustment of the
outer coderivative (4).

Definition 2.2 Consider a set-valued mapping F : R" = RP”. We define, for any
¥ € RP, D;’;F(JEIZ)(Z*) by:

DLF(X[2)(Z") == {x" e R" : (x*, —z") € Limsup N.(Gr(T), (x,y) ¢ (5)
& Dean)
XF#EX

Consider a set-valued mapping F : R" = RP, a function f : R” — R? and
(x,y) € Gr(F).Define T : R" = R? givenby T'(x) = F(x)+ f(x). We assume that
F has a closed graph at X and f is C! around x. We claim that we have the following
graph:

Condition (3) for D" Condition (2) for D* c Metric regularity
A B

Condition {3) for D Condition (2) for D Fl“.“letric subregularity
D E

Condition (3) for D Concition (2) for D

G H

As we have seen before, the first line results from the sum rule (1) and from [18,19].
Line 1 implies line 2 and line 2 implies line 3 are consequence of the following
inclusions:

DIT (x| € DLT )y € D*TEINOGY).
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Box H implies box F is true by [1, Theorem 3.1]. Box D implies box E is true because
the sum rule (1) is also true with D;“é. Box G cannot imply the metric subregularity as
the following example shows.

Example 2.1 Consider F(x) = max{—x, 0} and f(x) = max{0, x}2. We can observe
that

—x, if x <0,
F(X)Jrf(x):{xzx o0

We have D F(010)(y*) = {—y*} and Df(0)*(y*) = 0, which implies that
DX F(0]0)(y*) + Df (0)*(y*) = {—y™}. The following implication holds,

0 € DXF(X[y — f(@)O™) + DF (D) (y*) = y* =0,
with (%, y) = (0,0), but F + f is not metrically subregular at (0, 0). This proves

that the sufficient condition (3) cannot be extended to metric subregularity for the sum
with the outer coderivative in place of the coderivative.

The next section deals with the metric subregularity of a set-valued mapping which
has the form (x, y) = F(x)+ f(x, y), where f : R" xR™ — RP and F : R" =3 R”.
The previous graph shows that it may be advantageous to work with the newly proposed
D;“é. We will obtain a sufficient condition for metric subregularity of this class of set-
valued mapping in terms of

0 € DLF(x|z — f(x, y)(Z") x {0} + Df (¥, y)*(z") = " = 0. (6)
Given the closed subset K of R"” and x € R", we define:
Proj(x, K) :={y € K : |lx — y|| = dist(x, K)}.

The following lemma will be used in the proof of Theorem 3.1.

Lemma 2.1 Let T : R" = R"™ be a set-valued mapping with closed graph and
j € R™. We define 7 (x) := dist(y, T (x)). Let X € dom(T) \ T~ (3). We have:

immc U oraEm (-3 o -9).

yEProj(y,T(x))
Proof Consider o (y) given by o (y) = ||y — y||. We have:
m(x) =min{o(y) : y € T(x)}.

Given that o is a Lipschitzian function, we have, by [19, Theorem 3.38]:

I (x) C U & eD TGEMGY : y* edoy)).
YeProj (3.F(¥))
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Since y ¢ T(x), we have, for any y € Proj(y, T(x)), y # y. This implies that
3o (y) = {ly — ¥ 7' (y — 7)}. We then obtain:

e |J DTGy -1,
YEProj(y,T(x))

O

The following lemma relates the coderivative of @ with the coderivative of F' and the
differential of f when @ is given by @ (x, y) = F(x) + f(x, y). This lemma is used
in the proof of Theorem 3.1.

Lemma 2.2 Let f : R" x R" — R? and F : R* = RP. We define the set-valued
mapping @ : R" x R™ = RP by, forall (x,y) € R" x R™,

Q(x,y) = Fx)+ f(x,y).

Let (X, 7,%) € Gr(®). We suppose that f is a C' function around (%, 7). We then
have:

VZ* e R?, D*®(x,§|2)(z") = D*F(¥]z — f(x, »))(") x {0} + Df (x, )" (z").
Proof By the sum rule on the coderivative of @, we obtain that
D*®(x, yI2)(z*) = D*T (¥, Iz — f (¥, ) (") + Df (%, )" ("),
where T : R" x R™ = R” is given by T'(x, y) = F(x). Since
Gr(T) ={(x,y,2) : (x,z2) € Gr(F), y e R"},
we obtain that
NL(Gr(T), (x,y,2) = {(x*,0,2) : (x*,2") € NL(Gr(F), (X, 2)},
which implies that:
D*T(x, 31z — f(x, y))(Z") = D*F(x|z — f(x, y)(Z") x {0}.
We then have:

D*®(x, y12)(z") = D*F(x|z — f(x, y)(") x {0} + Df (%, )" (™).
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3 A Sufficient Condition for Metric Subregularity in a Generalized
Equation

In this section, we study the metric subregularity of the set-valued mapping (x, y) =
F(x)+ f(x,y)at (x,y, z) where (x, y) is a solution of the generalized equation

Z€ F(x)+ f(x, ).

Theorem 3.1 Let f : R" x R™ — R” and F : R* == RP. We define the set-valued
mapping @ by, for all (x,y) € R" x R™,

D(x,y) = Fx)+ f(x,y).

Let (X, 5,7) € Gr(®). Suppose that F has a closed graph near %, f is a C' function
around (X, y), the set-valued mapping y = F(x)+ f (X, y) is r1-metrically subregular
at (y,z) and
. s« . W €DLF(X|Z— f(x, 1)) x {0} + Df (x, y)*(z")
7y ;= inf { ||u™] : . i > 0.
with ||z¥]| = 1

Then for all T €]0, min{t(, ©2}[, D is t-metrically subregular at (x, y, 7).

Proof Let T €]0, min{ty, 72}[. We suppose that @ is not t-metrically subregular at
(x, ¥, z). There exists a sequence (xg, yx) — (X, ¥) such that for all k € N,

rdist((xx, yi), @~ 1(2)) > dist(Z, @ (xk, yi)). (7

Clearly this implies that (xg, yx) ¢ ¢! (z), thus z ¢ D (xx, yr). We introduce the
function v : R" x R™ — R, defined as

V(x,y) € R" xR™ | m(x, y) = dist(z, @ (x, y)).
Observe that the inequality (7) can be written as
Vk € N, wdist((, yo), @71(2) > 7 (e, e)- ®)

We first prove that 7 (xx, yx) — 0. Suppose that there exist a subsequence (x,, yx, )i
and a constant L > 0 such that 7 (xy,, yr,) > L for all /. Therefore, inequality (8)
implies that dist((xg,, ), ®~1(2)) > L/t, which implies that || (x,, y,,) — X, )| >
L/t > 0. That contradicts the fact that (xx, yr) — (&, y). Therefore, 7 (xi, yx) — 0.
Since @ has a closed graph around (x, y), there exists § > 0 such that the function
is lower semi-continuous on B((X, ¥), 8), then by the variational principle of Ekeland
applied with e = w(xz, y) > Oand o = %n(xk, vi) > 0, where 7/ €], min{ty, 72}[
and k is large enough to ensure that %n(xk, k) < &, there exists (Xk, yx) such that:
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o 1
ks i) — G, YOI < 77T(Xk, Vi), 9
7T (X, Yi) < 7w (xe, Yi), (10)
(Fk, k) € Argmin (-, ) + ||, ) = G, T - (1D
B((x,),8)

We first observe that (Xz, yx) — (X, y), indeed by the inequalities (8) and (9), we
have

o 1
|k, yi) — Gk, Yol < 777(361« Vk)
T .. 1
= S dist((xe, yi), @ '@)

T -
< I, yo) — G, W
T
which implies that || (x, yx) — (X, yx) || = Osince (xx, y¢) — (X, y), then (X, yx) —

(X, ¥). We now prove that (¥, %) ¢ @' (z). By contradiction, if (&, %) € @' (2),
then:

(X, yk) < tdist((xg, yk), 7 1(Z)) by (8)
< Tl (xxs yi) — G, Yol

T
= 57, yi) by ).

Therefore, we have m(xk, yr) < %n(xk, yx) which implies that T < t (because
(xk, yi) ¢ @~1(Z) then 7w (xg, yi) > 0 by definition of ), that is a contradiction with
v > . Finally (&, %) ¢ @71 (2).

Applying the necessary optimality condition to (11), we deduce that

0 € o (%, ) + B (0,7'),

then there exists u} € 97 (X, yx) with |[uf|| < t’. Since (X, Jx) ¢ ®~1(7), we have
Z & @ (Xk, yx), then by Lemma 2.1, we have:

e U oo un (lp - v -9).
PEProj(Z.® (X, 51))

Let py € Proj(Z, @ (5%, $)) and z} = || px — 2| ' (px — Z) be such that:
uy € D*® (X, Yk|pr) (zp)- (12)
We now prove that x; # x for all k large enough. By contradiction, suppose that there

exists a subsequence Xy, such that X, = x for all / large enough. By (11), for all
(x,y) € B((x, y),6), forall ] € N, one has:
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(%, Ji) < 7w, y) + e = XM+ lly = FgD- (13)

Inequality (13) with x = x and y € B(y, §) gives:
(%, ) < @& )+ Ny = - (14)
Define the set-valued mapping @ : R™ = RP defined as dB(y) = ®(x,y). Lety €

& 1(2), we have 7 (&, y) = dist(z, @(x, y)) = 0, then by (14), we have 7 (%, yi,) <
t’|ly — Jx, ||. Taking the infimum on y € &~1(2), we obtain that:

(%, Ji,) < v'dist(Fy,, 1 (2)). (15)

By assumption @ is 7;-metrically subregular at (¥, Z), then for all / large enough, we
have:

ridist(Fr,, @7 () < dist(Z, @ () = dist(Z, P (X, Fx,))- (16)

Using the equality 7 (x, yi,) = dist(z, @ (x, yx,)), we obtain from (15) and (16) that:
ridist(y,, @ 1(2) < 'dist(Fy, @ 1(@)).

Since (%, Ji,) ¢ @~ (z), we have Ji, ¢ ®~(Z), then dist(§%,, ®~'(2)) > 0. There-

fore, we obtain t; < 7’ which contradicts the inequality t/ < min{z;, 72}. Finally

Xy #% x for all k large enough.
Since for all k, [|u}| < 7/, there exists a subsequence (u}(“/)jEN of (uf)ken such

that u,fj — u* € R". By (12) and by Lemma 2.2, for all j, we have

u, € D*F (xi; | pr; — f (oo y))(@,) % {0} + Df (v i)™ (25)

then

ug, — Df (i, yiy)*(2k,) € D*F (x| piy — f oy yi))(zg,) % {0}
Given that

(ks ;) = (6, ¥) 5 Py — Qg yig) = 2= f(X,y) and xg; # X,
we have

u* — Df(x, y)*(z") € DLF(X|z — f(x, ))(Z") x {0},
which implies that
u* € DLF(X|z — f(&, y) (N0} + DF (&, )" (2").
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Since ||qu | <7/, forall j, we have |[u*|| < t/ < 1, that is a contradiction with the
definition of 7. Therefore, @ is metrically subregular at (x, y, z). O

The following Corollary relates the metric subregularity of the set-valued mapping
(x,y) = F(x) + f(x, y) with (6).

Corollary 3.1 Let f : R" x R" — R” and F : R" == RP”. We define the set-valued
mapping @ by, for all (x,y) € R" x R™,

D(x,y):=Fx)+ f(x,y).
Let (x,7,7) € Gr(®). Suppose that F has a closed graph near %, f is a C' function
around (x, y), the set-valued mapping y = F(x) + f(x, y) is metrically subregular
at (y, z) and
0 € DLF(x|z — f(x, (") x {0} + Df (¥, y)(z") = " = 0. a7
Then @ is metrically subregular at (x, y, ).
Proof Suppose that @ is not metrically subregular at (x, y, 7). Since the set-valued

mapping y = F(x) 4+ f(x, y) is metrically subregular at (y, z), F has a closed graph
near x and fisaC ! function around (x,¥), by Theorem 3.1, we have:

inf{”u*” _ u* € DLF(FIZ = f(X, $)E") x {0} + Df (%, 3)*(2) } o

with ||z¥] =1

This implies that there exists a sequence (x;, yn, 2n) — (X, ¥, z) with, for all n,
Xp # X and (x,, yu, 2n) € Gr(@); a sequence z;: with norm 1 and a sequence

Uy € DF (xnlzn — f G, yn))(2) X {0} + Df (xn, yn)*(z3,)
with |lu}|| — 0.
Consider a subsequence z, of z, such that z; — z*. We have, for all k, u; —

Df (xnys yn)*(z,) € D*F (X lzn, — f (s Yy ))(z5,,) x {0}. By definition of D;‘é,
since f is C! near (¥, ¥) and Xy, # x for all k, we have

—Df (¥, y)"(z") € DLF(x|z — f(x, 7)) (),
which implies that:
0 € DLF(xX|z — f(x, y))(Z") x {0} + Df (¥, y)* (2").

Then by (17), we have z* = 0, we deduce that ||z || — 0, which contradicts that
||z;‘lk || =1, for all k. Finally @ is metrically subregular at (x, y, z). O
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4 Application to Cournot Duopoly Game

In this section, we apply the previous results to Cournot duopoly game. Cournot
duopoly game consists in solving the following generalized Nash equilibrium prob-
lem:

Player 1: mincy(x1) — x1p(x1 +x2)s.t. 0 < x1 < M,
X1

Player 2: mincy(xp) — xop(x1 +x2)s.t. 0 < xp < M»
X2

where ¢1 and ¢; are cost functions and p is the price function. We make the following
assumptions:

(Hjp) The functions c; and ¢; are convex and piecewise C 2 on [0, +00[.

(H») The price function is given by p(y) = max(e¢ — By, 0) with o and 8 positive
real numbers.

(H3) For i € {1, 2}, there exists a finite set D(i) C]0, M;[ such that ¢; is C? on
R\ D(i) and (c;)" has left and right finite limits at every point of D(i). We
define D(i) = {aij 1 <j<gq}

For each i € {1,2} and j € {1,---,q;}, we define blj’7 and bij’+ such that
ac; (aij) = [bi]’_, bij’+] and define:

= dim J),d = lim ).

i
xi—al | x;i<aj xi—ajl | xj>a

The first step consists of formulating this problem in terms of a generalized equation.
—x1

We define g(x) = xlx_ M . The Cournot duopoly game can be formulated into:

—X2

X2 — M

Player 1: minc(x1) — x;p(x; +x2) s. t. g1(x) <0, ga(x) <0.
X1

Player 2: mincp(x2) — x2p(x1 + x2) s. t. g3(x) <0, ga(x) <O.
x2

We introduce:

Fi(x) = dc1(x1) x dca(xz),
9
—a—(x1p(x1 + x2))
F — 0x1
2 (—%(xzp(xl +X2)))
_ <—P(x1 +x2) —x1p'(x1 + X2))
—p(x1 +x2) — x1p'(x1 + x2)

_ (—a—ﬁ(xl +xz)—ﬂx1>
S\ —a =B +x)—Bx2 )’
F(x) = Fi(x) + F2(x)
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and

0 9
Glx. 3) — %Xl + %)\2 ALt
Con =,y ey S = a i)

9x2 0x2

G(x, M)

We also define T(x) = F(x) x {0} and f(x,1) = (min{—g(x) A}

>, where
min{—g(x), A} := (min{—gx(x), A Die(1.....4)-

Given that the functions x| — —x|p(x1 + x2), x2 > —xap(x1 + x2), ¢1 and ¢2
are convex, the objective function of each player is convex with respect to its decision
variable, then by the KKT conditions, the Cournot duopoly game is equivalent to the
following generalized equation:

0e T + f(x,A). (18)

We define @ (x, 1) = T(x) + f(x,X) and study the metric subregularity of & at
(%, &, 0) where (x, i) is a solution of (18). In [14, Theorem 6.4], using the coderivative
criterion for metric regularity, we obtain that @ is metrically regular at (x, X2, X, 0)
if x1 ¢ D(1) or xo ¢ D(2). In this section, we use the coderivative, which we define
in (5), in order to prove that @ is metrically subregular at (xi, X2, 1,0) € Gr(®)
without assuming that X1 ¢ D(1) or x, ¢ D(2). We will only consider the case where
x1 > 0 and xp > 0 with (X1, x3) a solution of the Cournot duopoly game because
it is natural to assume that both producers produce. We can observe that if ¢y and ¢;
are piecewise linear-quadratic then the metric subregularity of @ is automatic since
system (18) becomes polyhedral.

We first prove that given (X, A) a solution of (18), the set-valued mapping A =
@ (x, 1) is metrically subregular at (1, 0).

Lemma 4.1 Let (X, )) a A_"olution of (18). The set-valued mapping > — D (X, A) is
metrically subregular at (X, 0).

Proof We can observe that A =% @ (x, 1) is a polyhedral multifunction, then by Robin-
son’s theorem [20], the set-valued mapping A — @ (x, A) is metrically subregular at
(*,0). O

The following Theorem is a consequence of Corollary 3.1 and the proof is very similar
to the proof of Theorem 4.3 in [14]. Given x, we define

AXx):={ke{l,---,4} : gr(x) =0}

and use the notation A for A(x) when there is no confusion. Given a vector y € RY
andaset B C {l,---,q}, wedefine yp as yp := (Vk)kep and | B| as the cardinal of
set B.
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’_I‘heorem 4.1 Let (%, 1,0) € Gr(®) with (X1, %2) €10, M1]1x]0, M>]. Suppose that
ra > 0 and the following condition holds:

V(y*, %) € R? x R4,

0 € DLF (x| - G(x, M) — Jga@)tz*
yi=0if& = M, =y*=0,z=0. (19
¥; =0ifx =M,

Then the set-valued mapping @ is metrically subregular at (z, 0).

Proof Observe that assumption (19) can be written as follows:

0€ DLFE| = GE, )" — Jga@) 2"

& =y*=0, z*=0. 20
Jga@)y* =0 } Y @0

_ _ k
We suppose that 0 € D;T(ﬂ — FE, D))", 2% x {0} + T, )t (g* ) Using

the same way than in the proof of Theorem 4.3 in [14] with D7 in place of D*, we
can prove that assumption (20) implies that y* = 0, z* = 0. By Corollary 3.1 and
Lemma 4.1, @ is metrically subregular at (z, 0). O

In order to study the metric subregularity of @ at (z, 0) € Gr(®), we need to compute
D% Fi(Z|9)(y¥). Given & € R?, § € Fi(¥) and y* € R?, for any i €{1, 2}, we define

8i(xi, yi, yF) as follows: suppose x; € D(i), let j € {1,---,¢;} such that x; = a,»j,

then:
7 if b;.’"_ <y < bij’+ and y* #0,
R if y* =0,

)Ty ool i 5 = 0] and y? >0,
Si(-xis Vi, yl) = Jo— % : = Ji—= *

{al =y it yi =b; and y; <0,
1— oo,dij’+y;“] if ¥ = b;.”+ and y* <0,
(" yr) if 3 =b"" and y¥ > 0.

If X; ¢ D(i), then we define §;(x;, yi, y) as & (x;, yi, y}) = {(ci)"(x;)y}}. The
following lemma gives D* F (x|y)(y*), which has been proven in [14].

Lemma 4.2 [14, Lemma 6.1] Let ¥ € R? and y € Fi(x). We have:
D*Fi(Z5)(y*) = 81(&, 7', y* 1) x 8232, 72, y*2).

The next lemma gives D;‘é Fi(x]y)(y*).
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Lemma 4.3 Let & € R? andy € F1(x).If x1 ¢ D(1) or xo ¢ D(2), then we have
DLFI(XIy)(y*) = 81(X1, J1, ¥1) x 82(%2, 2, ¥3),
if x1 € D(1) and xo € D(2), there exist (dy, d3) € [0, +o0[? such that:
DLFI(X[9) () C 81(x1, 31, 1) x {dayy} U{diyi} x 82(32, Y2, ¥3)-

Proof By the definition of D*#F 1 given in (5), we have:

DL Fi(x]y)(y*) = Limsup D*Fy(x|y)(y").
(€)= (E.5)
(<G

XF#X

We consider two cases.
Case 1 x1 ¢ D(1)orx, ¢ D(2). Without loss of generality, suppose that x; ¢ D(1).
Since ¢; is C! at %1, we have ¢ (¥1) = lim ¢} (x1), then:
X1—X|

D*Fi(x[y)(y*) = Limsup D*Fi(x|y)(y*) C DLFi(X[y)(y").
(x,y)—>(x,y
(x,yy)EGr(Fyﬁ)
X17#X]

Since by definition we have D;‘& F1(x1y)(y*) € D*F1(x|y)(y*), we then have equality,
thus we can conclude by Lemma 4.3.
Case 2 x; € D(1) and x; € D(2). We have:

DL Fi(x]y)(y*) = Limsup D*Fy(x|y)(y")
(x,y)—(x,3)
(x.;)EGr(F)l)
XF#X

. * - - *
= Limsup D*F(x1, x2|y1, y2) ()
(x2,y2)—>(¥2.¥2)
(x2,y2)€Gr(dcy)
X2F£X2

U Limsup D*Fy(x1, X2ly1, y2)(y%)
(x,y)—>(x,y)
(. DEGHEY)
X1#£X]

U Limsup D*Fi(x|y)(y*)
(x,y)=>(x.y)
(x,y)eGr(Fy)
X17#X1,X2FX2

= Limsup & (%1, 1, y{) x {(c2)" (x2)y5}
(x2,¥2)—>(¥2.¥2)
(x2,y2)€Gr(dcy)
X2F#X2

U Limsup {(c)"(x1)y]} X 82(%2, 32, y3)
(x,y)—>(x,y)
(x.0)EGr(FY)
X17X]
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U Limsup {(c1)"(x1)yj} x {(c2)"(x2)y3}.

(x,y)=>(x,y)
(x,yzeGr(Flz
X1FX1, X0 FX

Without loss of generality, we suppose that x| = a{l and x» = aéz with j; €
{1,...,q1}andj2e{l,....,qg}.' .
If (31, 72) €160, bV T [x1b5> 7, b5 *[, then Limsup D*Fy(x|y)(y*) = #, then
@)= (.5
(G (Fy)
XF#X
the inclusion D7, F1(x]y)(y*) C 81(xX1, y1, y7) x {d2y3} U {d1y{} x 82(x2, 32, y3)
holds. . . ,
If 51 = ]~ and 5 €163> 7, by [, then:

Limsup 8;(X1, y1. y7) x {(c2)" (x2)y3} = 0,
(x2,y2)—>(%2.52)
(x2,32)€Gr(dcp)

X2#X2

Limsup {(c1)”(xD)yi} x {(c2)"(x2)y3} = 0.

(x,y)—>(x,y)

(X.y)eGr(F}l)
X1 F#X],X2F#X2

We can deduce the following equality:

DL F(X9)(y") = Limsup {(c)"(x1)y{} x 82(%2, $2. ¥3) = {d;y]} x 82(%2, 32, ¥3)-
D=
(x,y)eGr(Fy)

X1#X]
Ify; = b{l’_ and y; = bf’_, then:

. - , _ -
Limsup  81(X1, yi, y]) % {(€2)"(x2)y3} = 81 (%1, yi. y) x {3 3}
(x2,y2)—>(X2,¥2)
(xz,yz)eG_r(B(‘z)
X2#£X2

Limsup {(c1)”(x1)y{} X 82(X2, $2, ¥3) = {d{" " ¥} x 82(%2, y2, ¥3)
()= (.5
()G (Fy)

X1#£X]

Limsup {(c1)"(xD)y{} x {(c2)"(x2)y3} = {d{" " yi} x {d3> ™ y3}.
(x,y)—>(x,y)

(X,)?)EGV(FI)
X1 FX],X27#X2

We can deduce the following equality:
DLFI(RI)(*) = §1(F1, 31, ¥7) x {da> " y3} U{d{" 7y} x 82(%2, 32, v3)-

Given that dlj "7 > 0and d{”i > (O because ¢ and ¢; are convex functions, we deduce
that the inclusion D7, F1(xX]y) (y*) C 81(x1, Y1, ¥7) x {day3}U{d1y{} x 62(X2, 32, y3)
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always holds with some nonnegative real numbers d; and d;. The other cases can be
treated in the same way. O

We now give the result of metric subregularity of @.

Theorem 4.2 Let (%, 1) € R? x R* such that 0 € ®(x, ). If Ay > O, then ® is
metrically subregular at (x, A, 0).

Proof Suppose that we have

0 € DLF(X| = G(F, M)(*) — Jga(@)Hz*
yT =0ifx; = M,
y; =0ifx, = M»

with y* € R? and z* € R/4!. By Lemma 4.3, we have

L 2y*+y*
0e€sd , V1, V¥ dyy3 1 2
€ 81(x1, y1, ¥7) x { 2y2}+ﬂ<yr+2y§
yTZOif)h:M]

y; =0ifxp = M)

) — Jga(®)*tz*

or

o 2y 4 yi
0eld * S , , * 1 2
{d1y7} x 82(x2, y2 y2)+,3<y;k+2y;

yi =0ifx; = M,

vi=0if ¥ = M,

)—J&@Hf

with d; > 0 and d» > 0. We consider the following cases:
Case 1: x1 €]0, M[ and x» €]0, M>[. In this case we have

_ _ 2 *+ *
0 € {diy]} x 82(X2, ¥2, ¥3) + B ( n y2>

i +2y;

or

- 2yF 4+ 5
0 € 81(xX1, ¥1, v} x {dry*) + < 1 2.
1(X1, Y1, 1) X {day>} + B Y253

Using the same process as in Proposition 8.2 [14], we can prove that y* = 0.

Case 2: X1 = My and x, €]0, M»[. In this case we have A = {1}, then g4(x) =
1
0

The function c; is differentiable at M; because by (H3), D(1) C]0, M;[. Since
y{ = 0, we have:

0 € {0} x 82(x2, y2, y5) + B <;§;) - <é ) :

x1 — M, which implies that J g4 )t =
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By Lemma 4.3, we have 8,(X2, y2, y5) = {d2y3} or 82(%2, ¥2, ¥3) = [da2y5, +00[ or
82(x2, y2, y;) =] — 00, dzyi“], where d» > 0. Suppose first that

82(x2, y2, y5) = {d2y5}.

(52+2;6 EI)QZ):(S)

The determinant of this matrix is equal to d» + 28 > 0, which implies that (y;, 7*) =
(0, 0). We suppose now that 8>(X2, y2, y5) = [day3, +o0l. In this case we have:

In this case we have

By; =" =0
(dr+2B)y; =0
y; > 0.

Given that 8 > 0 and y5 > 0, we obtain that (d> + 2f)y; > 0, which contradicts
(dy +2B)y; < 0, then the case §,(X2, y2, y3) = [day5, +00[ cannot occur. In the
same way, we can prove that the case §2(x2, y2, yik) =] — 00,d> yik] cannot occur,
finally we obtain that (yf, y5, z*) = (0, 0, 0).

x; — M,

Case 3: X1 = M1 and X = M>. In this case we have g4 (x) = (
Xy — M»

), which
1 0
0 1
M, respectively, because D(1) C]0, M;[ and D(2) C]0, M>[, then:

() =2 (G52) - () = 6)
dry5 i +2y; z 0
y=0

y; =0.

implies that g4 (x)l = . Moreover, ¢; and ¢, are differentiable at M| and

This implies that (¥}, y;, 2], z5) = (0,0, (_), 0). Then in all the cases, the set-valued
mapping @ is metrically subregular at (x, A, 0) by Theorem 4.1. The other cases can
be treated in the same way. O

5 Conclusions

In this article, we have obtained a sufficient condition for a generalized equation
to be metrically subregular using an object of nonsmooth analysis well adapted to
the structure of our problem. We have applied these results to a Cournot duopoly
game, extending the metric subregularity result that we obtained in [14]. Two natural
extensions of this work would be to obtain the same kind of sufficient conditions for
Holder-metric subregularity in generalized equations and to extend these results in
infinite-dimensional spaces.
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