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1. Introduction

This paper deals with error bounds, metric regularity, metric subregularity and stability in the
generalized Nash equilibrium problem (GNEP) with non-smooth pay-oft functions. Generalized
Nash equilibrium problems have many applications in economy and other areas (see e.g. [1] for
examples of applications). Many authors [2-4] have studied the error bound property for the KKT
system associated with GNEP when the pay-off functions for all players are differentiable; other
authors [5,6] have studied the error bound property for complementarity systems. In these articles,
the error bound property is used in order to derive some convergence results of an LP-Newton
algorithm which is a very well-adapted algorithm to solve equations with non-isolated solutions.
Rockafellar has written about a variational approach to stability in the Nash equilibrium problem
based on monotonicity assumptions.[7] For this approach, it is necessary to have strong assumptions
of regularity about the pay-off function of all players.

In this paper, we provide results of metric (sub)regularity and error bounds about GNEPs when
the loss functions are not differentiable, under the assumption of strict complementarity. We apply
these results to the stability of perturbated GNEPs and to a special case of two-player game (which is
larger than Cournot duopoly games).

The article is organized as follows: Section 2 introduces the notation and the main assumptions
about GNEP. Section 3 gives the definition of the coderivative introduced by Mordukhovich [8-
10], and the results useful for our quantitative study of GNEP. Section 4 gives some results about
metric regularity and metric subregularity under the assumption of strict complementarity for the
KKT system associated with GNEP and Section 5 gives the main results about stability of GNEP
with respect to a parameter. Finally, Section 6 proposes the application of the results obtained in the
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previous sections to a class of two-player games which is larger than the Cournot duopoly games (see
e.g. [11-14]).

1.1. Some notations

Throughout the paper, || - || denotes the Euclidian norm on R4, with ¢ € N* := N\ {0}, and (-, -) is
the classical inner product on R associated with the norm || - ||. Let (U, §) be a metric space, for r > 0
and a given point x € U, we set B(x,r) := {z € U : 8(x,z) < r}. The distance from a point x € R?
to a set B C RY is denoted by dist(x, B) and defined by dist(x, B) := ;rellt; lx — z||. Let q1, g2 € N¥; if

f :RT" — R js a differentiable function at a point x € R%!, then its Jacobian matrix at this point is
denoted by Jf(x). Let A be an arbitrary matrix, AT stands for its transpose. When B is a finite set, then
|B| denotes its cardinality. For an arbitrary set B, B\ denotes all the sequences with elements in B.

2. The Generalized Nash Equilibrium Problem

The GNEP is a Nash game in which each player’s strategy depends on the other players’ strategies.
More precisely, assume that there are p players and each player v controls the variable x” € R" asa
strategy. Let us denote by x the vector of strategies

x:=('...,x") and ni=np4+ny+ -+ np.

Let us denote by x ™V the vector formed by all players’ decision variables except player v. So we can
also write x = (x”,x~"), which is a shortcut (already used in many papers on the subject; see e.g.
[15,16]) to denote the vector x = (x,...,x" "1, x", x" 1 ..., xP). We define the set-valued mapping
X" :R"" = R", where n™¥ = n — n", such that the strategy of player v belongs to the set X" (x ).
The aim of player v is, given the strategy x ", to choose a strategy x” such that x" solves the following
optimization problem

(P") min®"(x",x™"), subjectto x" e X"(x"),
xl)

where 0¥ (x¥, x™") denotes the loss that player v sufters when the rival players have chosen the strategy
x~". The GNEP consists in finding X € R" such that forall v € {1, ..., p}:

x" €earg min 6"(,x ").
XV )

We make the following assumptions:

(1) ThesetXV(x™")isdefinedby X" (x™") = {x" € R™ : g’ (xV,x7") < 0},withg" : R" — RrR™"
a C? function such that for all x> € R" ", g”(-,x ") is convex. This assumption implies that
each player v controlling the variable x" solves the following problem

min 0" (x",x7").
gu(xv)x—v)so

(2) Foreachx™" € R" ", we have
NG, X (™) = Jog" (", x ") TE 1€ € N@ (", x7"), (R)™)}
where when K is a closed convex set in R?, g € N*, and x € K,

N, K) ={x* e R1|Vx e K, (x*,x' —x) <0) (1)



OPTIMIZATION 1831

This assumption ensures the existence of Lagrange multipliers at any solution for player v and
it is implied by the standard qualification conditions like LICQ and MFCQ.

(3) The functions 6" are not necessarily differentiable, but we suppose that for all x™ € R" ",
6" (-,x~") is convex on R and 6" is locally Lipschitz-continuous on R”.

Such a game will be denoted by G := ((6")y=1,...p> (§")v=1,...p). This notation will be used in
Proposition 5.4.

For every player v € {1,...,p}, we introduce the Lagrangian function
LV :R"™ x R"" x R™ — R which is given by

L'(x", x7" ") =0 (x",x7") + (A", g" (=", x7")).

Therefore, x := (x',...,xP) is a generalized Nash equilibrium if and only if there exists a vector
L= (L...,AP) such thatforallv € {1,...,p}, (x*,1") is a solution of the KKT system

0€cdel’(x",x ", A" and0 < A" L (—g¢g"(x"x7") >0 )

where d,vL"” (%", X", 1") stands for the convex subdifferential of the function L” with respect to the
variable x". Recall that for a convex function f : R? — R, the convex subdifferential of f at X is
defined by

f @) = {x" eRT|Vx e RT, (x*,x — %) < f(x) —f®D)} .

For two vectors a, b € R4, with g € N*, onehas 0 < a L b > 0ifand only if min{a, b} = 0, where
min{a, b} := (min{a;, b;})i=1,...4- Therefore, the above system becomes

0€ dwL(x",x"",1") and min{A", —g" (", x~")} = 0. (3)
We introduce the set-valued mapping @ : R” x R = R” x R™ defined by

T(z)
min{A!, —g1 (xL,x~h}

Vzi=(x,A) e R" x R", ®(z) := 4)
min{A?, —gP (xP, x7P)}
where
p
T(z) = 9L (x",x7 120 x -+ x O LP (P, x P, AP and m := Y m". (5)
v=1
A vector X := ()_Cl_, ...,xP) € R" is a generalized Nash equilibrium if and only if there exists a
vector A := (Al,...,1P) € R™ satisfying
0 € ®(z) withz := (X, A). (6)

We denote by €2 the set of solutions of the generalized system (6), that is
Q:={zeR"™ : 0e d(2)).
The aim of this paper is to obtain the following local error bound property for an element z € Q2

Ir,L >0, VzeB(zr), dist(z, Q) < Ldist(0, ®(2)), 7)
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and to use this error bound property in order to obtain some results of stability of the solution map
of the GNEP with respect to a parameter. Since the error bound property (7) is very closely related
to the metric subregularity of ® at (z,0) (Definition 1), Section 4 studies the metric regularity and
subregularity of ®.

Since we don’t have differentiability, we introduce in the next section the coderivative, developed
by Boris Mordukhovich, and we will recall some important properties satisfied by the coderivative.

The function (a, b) — min{a, b} is called a NCP-function, which characterizes that min{a, b} =
0 & 0 <a Ll b=>0. There exist other NCP-functions, for example, the very classical Fischer-
Burmeister function which is defined by (a,b) — a + b — +/a? + b%. The Fischer-Burmeister
function is strongly semi-smooth and has a continuously differentiable square; then, it is superior to
the NCP-function we use in this article, but for our purpose, the NCP-function we use provides the
same results as the Fischer-Burmeister function and the calculus are less complicated.

3. Coderivative and calmness

This section is directly inspired by the article of Mordukhovich [9] and his book.[10] We introduce
some notations: consider a set-valued mapping T : X =% Y, where X and Y are two Euclidian
spaces. We define the domain of T by dom(T) := {x € X : T(x) # ¥}, the graph of T by
Gr(T) :={(x,y) e X x Y : y € T(x)} and the inverse map of T by T_l(y) ={xeX :yeT(x)}
forally e Y.

Letx € dom(T). The limsup of T at X is given by:

Limsup T(x) := { lim x*

n
Xx—X n—=>+00

(x})n converges and for all n € N,
there exists x, € X withx, — Xandx} € T(x,) |~

Let K C X be a closed subset in X and x € K, we define the Fréchet normal cone, also known as
the regular normal cone, by:

N, K) := {x* € X : limsup a

The limiting normal cone, also known as the normal cone of Mordukhovich, is defined by:
Np(x,K) := Limsup N(x, K).
ng

If K is a convex set, then N7 (x, K) = N(x, K), where N (x, K) has been defined in (1).
Let T : X == Y be a set-valued mapping and (X, y) € Gr(T). The coderivative D*T'(x|y) : Y = X
is given by:

Vy* €Y, D*T(x[))(y*) := {x" € X : (x*,—y™) € NL((%,y), Gr(T))}

The coderivative is related to the Jacobian of a strictly differentiable mapping, as the following
proposition shows us. For a single-valued map f, the notation D*f (x)(y*) means D*f (x|f (x)) (y’*).

Proposition 3.1: [9, Proposition 2.5]  Let f : R? — RY, with p,q € N*, be a strictly differentiable
single-valued mappingx € RP. Then, for all & € R4, we have

D)) = Jf(X) &,

The following theorem gives a very important calculus rule for the coderivative.
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Theorem 3.2: [10, Theorem 1.62] Let f : RP — R4, with p,q € N*, be a strictly differentiable
single-valued mapping at X € RP and let T : R? = R1 be a multifunction. We then have:

VE € RL, DX(T + /)y +f®) (&) = D*TEI)E) +Jf®) &, ®)

The following defines the metric subregularity.

Definition 1: Let T : R? = R7 with p,q € N*, and (%,y) € Gr(T). We say that T is metrically
subregular at (%, y) € Gr(T) iff there exist constants r > 0, L > 0 such that:

Vx € B(x, 1), dist(x, T"'()) < Ldist(j, T(x))

Metric subregularity is closely related to the error bound property in the following sense: consider
z € Q, where 2 is the set of solutions of the equation (6), which means that 0 € ®(z), where ® has
been defined in (4). The set-valued mapping ® is metrically subregular at (z,0) if and only if there
exist constants r > 0, L > 0 such that:

Vz € B(z, 1), dist(z, ®1(0)) < Ldist(0, ®(z))

Since ®71(0) = Q, ® is metrically subregular at (z, 0) if and only if the following local error bound
property

Vz € B(z,r), dist(z, 2) < Ldist(0, ®(2))

holds on.

The coderivative gives a criterion for metric regularity which is a stronger property than metric
subregularity. In order to use the full power of this criterion, in the next section, we obtain some
sufficient conditions for metric Regularity; then, we deduce the metric subregularity and an error
bound property. The following defines the metric regularity.

Definition 2: Let T : R? =% RY with p,q € N*, and (%,y) € Gr(T). We say that T is metrically
regular near (¥, y) € Gr(T) iff there exist constants r > 0, L > 0 such that:

Vy € B(y,r), Vx € B(X,r), dist(x, T_l(y)) < Ldist(y, T(x))

Taking y = y in Definition 2, we easily verify that metric regularity implies metric subregularity.
The coderivative criterion for metric regularity requires that the set-valued mapping has a local
closed graph at the reference point. The following lemma shows that the set-valued mapping & has
a closed graph.
Lemma 3.3:  The set-valued mapping ® has a closed graph.

Proof: Let(z,dn)n € (Gr(®))Nbea convergence sequence to alimit (z, d). We show thatd € ®(Z).
We can write d,, = (d,ll, d,%), with d,l, € T(z,) and

min{Al, —gl(x}, x 1)}

d2 =

n

min{i5, —g” (xh, %, "))
By continuity of g, we have

min{A!, —g' &1, x 1))

min{A?, —gP (&, %77))
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Writing d} = (dL)y=1, _p, with d> € R, we have, for each player v

Ay’ € 000" (x),x,") + g (o x, ) A

thus
dy" = Jg" Gy ) Ty € 9206” (x, ).

In order to simplify the notation, let us denote

= A e el
Forall ¥ € R", forall n € N, we have
'y =) = 070" = 0" 0 ).
Passing to the limit when n — 400, and denoting
av — " _ Jevg" &%) TR,

we obtain that
¥ e 300" x,x 7).

Finally, we have 21 € T(z), which permits us to conclude that d € ®(2), thus @ has a closed graph.
|

Itis the local closedness of the graph of ® at the reference point that is important for the application
of the coderivative criterion for metric regularity due to Mordukhovich. Since it is a direct application
of a result in [9], we do not give the proof.

Theorem 3.4: [9, Corollary 3.8] Letz € Q. The set-valued mapping ® defined by (4) is metrically
regular around (z,0) if and only if for all § € R"™, 0 € D*®(z|0)(¢) implies & = 0.

In Section 5, we study the stability of the GNEP with respect to a parameter in terms of calmness,
which means we give some sufficient condition for the solution map of GNEP depending on a
parameter to be calm. The calmness is defined as follows.

Definition 3: Let T : U =2 R with ¢ € N* and (U, §) a metric space. Let (x,y) € Gr(T). We say
that T is calm at (X, y) iff there exist 7, L > 0 such that for all x € B(x, r), we have

T(x) N B(G,r) C T(X) + B(0,L8(x,X)).

It is well known that the metric subregularity of a set-valued mapping T at (x,y) € Gr(T) is
equivalent to the calmness of T~ ! at (9, %) (see e.g. [17, Theorem 3H.3]). In the same way, the metric
regularity of a set-valued mapping T at (¥,7) € Gr(T) is equivalent to the Aubin property of T~}
at (¥,x) (the Aubin property, which is also known as Lipschitz-like and pseudo-Lipschitz, is not
defined here because we do not use this notion in this paper; for the proof of equivalence, see e.g. [17,
Theorem 3E6]). We precise that the Aubin property is characterized by the Mordukhovich criterion
(see e.g. [10]).

4. Metric regularity properties for the Generalized Nash Equilibrium Problem under
assumption of strict complementarity

In this section, we provide some results about the metric regularity and the metric subregularity for
the set-valued mapping @, and deduce an error bound property for the GNEP. The proofs follow the
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path of the articles of Facchinei et al. (see e.g. [2,3]) and the article of Izmailov and Solodov [4]. First,

we define some sets of indices. ,

We define the two sets of indices Z := {1,...,m}, with m := Z m,, and

v=1
T ={j) :ve{l,...,p},je{l,...,m"}}.

Let us define the mapping ¢ : J — Z by

W (L..oph Vi€ (L..om’), o) = Y m 4] ©)

U<y

with the convention

Zm“ = 0.

n<l1

We observe that ¢ is a bijection from J to Z, and it is strictly increasing for the lexicographic order,
that is for all (v1,j1) € J, forall (v2,j2) € J,

v < vyor vy =vyandji <j2] = @(v1,j1) < @(v2,2).

Therefore, we can define the family of functions (g;);c7 with g; : R” — R satisfying:

Viel, g = g]-U where (v,j) := o ). (10)

We can observe that equality (10) implies that for all (v,j) € 7, g].” = Zo(v,j)-
This bijection allows us to write (g")y=1,.., = (gi)iez-

Example 4.1: Consider the following Nash game:
Player 1:

min@l(xl,xz) s. t. gll(x) <0, gzl(x) <0

x1

and
Player 2:

rrgn 92(x1,x2) s. t. glz(x) <0, gzz(x) <0, g32(x) <0
Wehave 7 = {1,2,3,4,5}, 7 = {(1,1),(1,2), (2,1), (2,2), (2,3)} and, since m! = 2, we have:
o(LL,1) =1, o(1,2) =2, ¢(2,1) =3, ¢(2,2) =4, ¢(2,3) =5.
In this case:
§1(0) =81 (0, () =g (), B = g/ (), fa(x) =g, F5((x) = g3 ().
Let us define the sets of active indices, at x € R”,
Ax):={iel : gix) =0} (11)

and, forallv € {1,...,p},

A'(x)={je{l,...,m"} : gj"(x) =0t={e{l,....m"} : p(v,j) € A(x)}.
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For every set of indices 8 C {1,...,m} and every player v, we define the set 8" of indices corre-
sponding to v which contribute to 8:

B i=lie(L...,m) : (v,j) € ) (12)

with ¢ defined in (9).
We introduce the notation C(A(x)) := Z \ A(x), that is

CAX) =1{ieTl : gix) #0} (13)

In what follows, when we fix an element Z = (¥, 1), we use the notations A := A(X), C(A) :=
C(A(X)) and A" := AY(x). Moreover, for any vector Z € R with g € N* and for any set of indices
J C {1,...,q)}, the notation Z; is defined as follows:

7y = (Zjey. (14)

The notation Z; > 0 means Z;j >0, forallj e J. )

We say that the strict complementarity assumption holds at z € Q if foralli € Z, ; > 0 or
Zi(%) < 0. Therefore, the function z — (min{A;, —g;(x)})iez is C* in a neighbourhood of z, so it is
strictly differentiable.

Let us define the functions ®; : R"*" — R"*" and @, : R"*" — R"T™ by

G(x, 1)
min{Al, —g1 (%)}

®1(2) := F(x) x {0}, ®y(z) := ' (15)
min(2#, g ()}
where min{a, b} := (min{a;, b;})i=1,..q ifa,b € R and F, G is defined as follows:
F(x) := 30" (x!, x71) x -+ x 300P (&P, x7P) (16)

and
]xlgl(xl,x_l)Tkl

G(x, \) = (17)
]xpgp(xp, x_p)—r)“p
Observe that @ (z) = @ (z) + $1(z). Under the strict complementarity assumption, the function
®, is strictly differentiable at z; therefore,

D*®(2]0)(§) = D*® (2] — ©2(2))(§) + JP2(2) & (18)
Moreover, we can observe that
Gr(®)) = {(x, 4, 5,0) e R" x R" x R" x R™ : (x,y) € Gr(F)}.
Therefore, for all x € R"”, A € R™ and y € F(x), we have:
NL((x, %, 9,0), Gr(®1)) = {(x*,0,£1,6)|(xs, £1) € NL((x, ), Gr(F)) , & € R"™}
which implies that for any x € R”, A € R™ and y € F(x), we have, for all £ = (£1,&,) € R” x R™:

D*®1((x, M)[(y,0))(§) = D*F(x]y)(§1) x {Om}. (19)
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Before giving the first result about the existence of an error bound for the GNEP, we provide a
technical lemma.

Lemma4.2: Letz € Q and B C A such that kg > 0, where the meaning of Ag, when B is a set, is
given by (14).
Define the set-valued mapping ®g : R*T™m = RrHAHICAI py,

. T(z)
®p(2) = ((min{)»i,—gi(x)})ieﬁucm)) '

We consider the set Qg := {z € R"™™ : 0 € ®g(z)}. We assume that the following condition holds

0 € D*F(X| — G(xX, 1)) (&) + :Gx 1) T& — Jgs(X) T &

Y0 € (L....p), Jogh GE = 0if B # 0 } =§=0 (20)

with B" defined in (12), & = (§{)v=1,..., » and & € R™.

Then, the set-valued mapping ® g is metrically regular near (z,0).
Proof: Let§ := (§1,6,8) € R" x RIAl x RICWI 'We show that 0 € D*®4(z|0) (&) implies & = 0.
We first observe that Ag > 0 implies the existence of a real r > 0 such that after some permutations
of the coordinates of (g;)icz, for all z := (x, 1) € B(z,1),

T(x, 1) G(x, 1)
Pplz) = | —gg(x) | = P1(2) + | —gp(x)

Ac(a) Ac(a)
G(x, L)
where ®; has been defined in (15). We introduce ®,4(z) := | —gg(x) |.
Ao

Therefore, by the above equality, (19) and by [10, Theorem 1.62], we obtain the following
estimations of D*®g(z|0)(£):

D*®(2|0)(€) = D*®1 (2] — P2p(2))(E) +JP2p(2) €
= D*FX| — G(% 1) (&) x {0™)

+<IxG(x,/})T —JG®T 0 ) :
BGEMNT 0 Iy éi
= (D*FX| — G@& M) (E) + :GE ) & — 3 (X) &)

X GG M) TE+ 1483}

with Icea) € R™XICAI the matrix satisfying, for all y € R™, Ic(a)y = yc(a). This matrix satisfies the
following properties:

vy e RICWL (1l y)a = 0and U] 4 9)cwm) = y- (21)
Suppose that 0 € D*®g(z]0)(£). This implies that
0 € D*E(X| — G(X, 1) (&1) + [xG® 1) &1 — Jgs(®) & (22)

and
BGE L) &+ I8 = 0. (23)
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Since (I&A)E)A = 0, we have (I&A)E)ﬁ = 0 because B C A. Therefore, we have (J
G M) T€)p =0.
An easy calculus permits us to obtain that

Jagy ()
BGEM &) = :
T ghp (X&)

Finally, the condition (J, G(X, A)& 1); = 0 is reduced to

Vv e {1,. .o ,p} 5 ]ngEv(.)_C)glv =0. (24)

Therefore, from (22) and (24), assumption (25) implies that £, = 0 and &, = 0.
Since £ = 0, we have I&A)& = 0 by (23); then, &3 = (IE(A)&)C(A) = 0 by (21). Finally, £ = 0.
Therefore, by [9, Corollary 3.8], ®4 is metrically regular near (z, 0). (Il
We are now in a position to give a result for the metric regularity of ®.

Theorem 4.3:  Suppose that the strict complementarity assumption holds for a given z € 2, and that

VE 1= (£1,6) € R" x RM,

0 € D*F(¥| — G(X, M) (E) + .G 1) & — Jaa(®) &
Yve{l,....,p} Jogin(@E =0ifA” £ 0
with & = (§])v=1,..p and &} € R™.

Then, the set-valued mapping ® is metrically regular near (z,0).
Proof: We can observe that A U C(A) = {1,...,m} and A4 > 0 since the assumption of strict
complementarity holds. Therefore, the above theorem is a direct consequence of Lemma 4.2 with
B =A. O

Since metric regularity implies metric subregularity, the assumptions of Theorem 4.3 imply that
® is metrically subregular at (z,0), which implies that the following error bound property holds at
the point z:

}:g:o, (25)

dr,L >0, Yz € B(z,r), dist(z, 2) < Ldist(0, (2)).

In the case where the functions {§¥ : v = 1,...,p} are C? around X, we can observe that the
assumption (25) is equivalent to the non-singularity of the matrix

(JXL(»?, A)  Eg (%))
Jga (%) 0

with E4(x) := diagblock{V,v g}, (X) : v = 1,...,p}, that is a standard assumption in the study of
stability of the GNEP (see e.g. [2-4]).

When two or more players share the same active constraint, then it is impossible that assumption
(25) holds because Jga (*)" has two or more equal columns. This situation occurs when the players
have to share the same resource.

Consider z = (X, 1) € Q. As in [2], we can consider a family of functions (g;);ce With @ C A
satisfying the following property: for all (i,j) € @ x «, if i # j, then g; # gj in any neighbourhood of
X, and forany i € A \ «, there exists j € o such that g; = g;j in a neighbourhood of x.

What follows permits us to formally define sets of indices « satisfying the above property. We first
define J (%) as the sets of indices such that two active constraint functions cannot be equal in any
neighbourhood of x.
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JX):={BCA :V(ij)eBxpB,i#j,g # g inany neighbourhood of x}.

The sets of indices that we wanted to define formally are the elements of [J(z) maximizing the
cardinality; more precisely,

o) ={a e J(x) : |a| = max . 26

(x) :={ ) ¢ | ﬂej(z)lﬂl} (26)
We can observe that for all @ € Q(X), if @ # A, then there exists » > 0 such that foralli € A \ «,

there exists j € « satisfying g = gj on B(x, r).

Theorem 4.4:  Let z € Q. Suppose there exists a set of indices « € Q(X), with Q(X) defined in (26),

such that Ay > 0 and the following condition holds:

VE = (£1,6) € R" x R,

0 € D'F(x| — G M))(E) + G M) 61 — g @) & } SE—0 27)

Vv e {l,....,p} Joghn ()& =0ifa” #0
with & = (§])v=1,..p» & € R™ and o” defined by (12).
Then, the set-valued mapping ® is metrically subregular at (z,0).
Proof: Define @, : R*" = R HeHICAI by

T(x, )
Dy (x, 1) = | —gu(x)
AC(A)

Consider the set of indices Z' := o U C(A). We can observe that, after some permutations of the
coordinates of (g;);c7, for all z € R"™ in some neighbourhood of z,

B T(z)
Dy (z) = ((min{)»i, —gi(x)})ieI’>

because the function g; is continuous at X for any i € Z and A; > 0 for any i € o. The strict
complementarity assumption holds for the set of indices Z” at the point Z (i.e. foralli € 7', §;(X) < 0
or A; > 0); then, the assumption (27) implies, by Lemma 4.2, that ®, is metrically regular near (z, 0),
so ®, is metrically subregular at (z, 0). Therefore, we can choose r; > 0 small enough such that for
all z € B(z, 1),

dist(z, Q4) < Ldist(0, 4 (2))

where Q4 = ®_1(0). We can easily verify that dist(0, ®,(z)) < dist(0, ®(z)); thus, for all z €
B(z, 1), the following inequality holds:

dist(z, 24) < Ldist(0, ®(2)). (28)

We now prove that there exists a real r, > 0 such that for all z € B(z, ), dist(z, Qq) = dist(z, 2).
We first show that there exists a real v > 0 such that Q N B(z,7) = Q4 N B(z, 7).

Let r > 0 be such that for all (x,1) € B(z,r), A, > 0 and gc(a)(x) < 0 (r exists since by
assumption, A, > 0 and ¢ is continuous atx). Forallz € QN B(z,r), we have g, (x) = 0since A, > 0,
and Aca) = 0 since gcay(x) < 0. Therefore, 2 N B(z,r) C Qq N B(z,r). We must still show that
Qy N B(z,r) C QN B(z,r) for r small enough.

Suppose r is small enough such that forall i € A\ «, there exists j € a such that g;(x) = g;(x), for
all (x, ) € B(z,r) (we can choose such a real r because o € Q(%)).
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Let z € Q4 N B(z,r). We know that 0 € T(z), go(x) = 0 and Aca) = 0; thus, we have to prove
that g4\q (x) = 0. Forall i € A\ «, there exists j € « such that g;(x) = gj(x) = 0, which shows that
z € QNB(z,r).

Take r, < r/2 and z € B(z,1). Since z € Qq, dist(z,2y) < r,. Let w € Q4 be such that
|z — w| = dist(z, Q2¢). We have ||z — w| < rp;thus, |[w —z|| < ||[w —z| + ||z — z|| < 2r; < rand
then w € Q4 N B(z, ). Therefore, we obtain

dist(z,2,) = min ||lz—w|, Vze€ B(z,1).
weQyNB(Z,r)

In the same way, we have

dist(z, 2) = min |z —w|, Vz e B(z,1).
weQNB(Z,r)

Since 2 N B(z,r) = Q24 N B(z,7), for all z € B(z, ry), dist(z, ) = dist(z, 2). Finally, from (28) we
obtain that
Vz € B(z, min{r;,r,}) , dist(z, Q) < Ldist(0, ®(2)),

which proves that @ is metrically subregular at (Z, 0) since 2 = ®~1(0). O

We can observe that the previous theorem does not imply the metric regularity of @ at the reference
point, as shows the following example.
Example 4.5: Consider the following Nash game:
Player 1:
minxy; s.t.x;+x, >0
X1

and
Player 2:
min 0.5|x;|s. t.x; +x, >0
X2

The set-valued mapping @ is:

1— 2
0.59] - [(x2) — A2
min{—x; — x2, A1}
min{—x; — x3, A2}

P(x, 1) =

We have 0 € & _(2) with z = (0,0, 1,0). We first verify that the hypotheses of Theorem 4.4 are
satisfied at z. Since A1 > 0, we choose o = {1}. Since ! = {1} and «? = @, where «” has been defined
in (12), the assumptions of Theorem 4.4 are reduced

VE = (£,6) e R”Z x R,

&

0 € D*F(0,0]1,0)(§1) + <§2> =£=0,

£ =0
where F(x1,x3) = {1} x (| - |)(x2). We have:

{0} xR if2 =0

D*F(0,0|1,0)($1)={ )  otherwise

Therefore, & = 0 and & = 0, which implies by Theorem 4.4 that ® is metrically subregular at
(0,0,1,0).
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We now prove that ® is not metrically regular around (0,0, 1,0). Consider y = (0,0,0, €), with
e >0,and z = (x,1) € ®~!(y). We must have A; = 1. Since min{—x; — x2,A1} = 0 and A; > 0,
we have x1 + x, = 0. But in this case ¢ = min{—x; — x, A2} < 0 which contradicts ¢ > 0, then
<I>_1(y) = (J, which implies that dist(z, <I>_1(y)) = oo, for all z € R*, which implies that the
inequality
dist(z, ®~1(y)) < Ldist(y, ®(2))

cannot occur with any L > 0and z € R%; therefore, ® is not metrically regular around (0, 0, 1, 0).

5. Application to stability in the GNEP

In this section, we suppose that the functions 6” and g” depend on a parameter u. More precisely,
let us consider a metric space (U, §), and suppose that 6 : R” x U — Randg” : R" x U — R™ .
Moreover, we make the assumption that 8" is locally Lipschitz on R"” x U, g"(-, u) is C* on R" and
forallu € U g” and V,vg" are continuous on R" x U.

Define the set-valued mapping S : U = R” by:

Yve({l,...,p},x" € X,(x ¥, u) and
0V, x ", u) = min 6'(",x ", u) (29)
xVeXy, (Y, u)

S(u) = {E € R"

with, forallv € {1,...,p},
X, (xVu) = {x" e R" : g"(x",x",u) <0} (30)

For every player v € {1, ..., p}, we introduce the Lagrangian function
L' :R" x R"" x R™ x U — R which is given by

LV(x",x " A u) =0 (", x " u) + AV (xV, x w).

Therefore, x = (x1,...,%P) € S(u) if and only if there exists a vector
L= ... AP) € R™ satistying, forall v € {1,...,p},

0€ L', x ", 2, u)yand0 < A" L (—g" (", x ", u) >0 (31)
We introduce the set-valued mapping ® : R” x R” x U == R" x R™ defined by
T(z,u)
min{A!, —gl(xl,x_l, u)}
Vz = (x,A) € R" x R", ®(z,u) := . (32)
mln{)‘p) _gp(xpa x_p) l/l)}

with
T(z,u) := 0L (x", x L AN u) x - x 3 LP (xP, x 7P, AP, u). (33)

_ Avectorx = (x%,...,xP) € S(u) if and only if there exists a vector
L= @AY ... }F) € R™ satisfying

0 € ®(z,u) withz = (X, A). (34)
We finally introduce the solution map Q : U = R"*" by

Q) ={zeR™" : 0€ d(z,u)}. (35)
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We introduce the set of Lagrange multipliers at any point (4, x) € Gr(S):
Y(u,x) € Gr(S), Alx,u) :=={L e R™ : (x, 1) € Q(u)}. (36)

The following lemma shows that €2 has a closed graph.
Lemma 5.1:  The set-valued mapping 2 has a closed graph.

Proof: Letasequence (uy,z,), € (Gr(Q))N converge to (#4,z). Foralln € N,

0 € ®(zy, uy). In the same way, as in the proof of Lemma 3.3, using the continuity of the functions
0", g" and Vv g”, we can prove that ® has a closed graph. Since (z,, 1, 0),, € (Gr(®))N, we deduce
that (z,14,0) € Gr(®P), thus (i4,2) € Gr(£2), proving that €2 has a closed graph. O

The following proposition relates an error bound property around z € (i) with the calmness of
Qat (4,%):
Proposition 5.2:  Let i € U and z € Q2(u). Suppose that there exist positive reals r,r1,12,6,L, L
such that the following assumptions hold:

(1) Forallz € B(z,1),

dist(z, 2 (1)) < Ldist(0, ®(z, u)).

(2) Forallz € B(Z, 1), for all u € B(ii, 1),
®(z,u) N B(0,£) C D(z,i1) + B(0, L'8(u, ). (37)
Then, for all u € B(ii, 1),
Q(u) N B(Z, min{r,r}) C (@) + B(0, LL'8(u, i)).

Proof: Letu € B(u,r2),and z € Q(u) NB(z, min{r,r;}). Onehas0 € ®(z,u); then, by assumption
(37), one has 0 € ®(z, i) + B(0,L'8(u, )). There exists d € B(0,L'8(u, 1)) such that d € ®(z,u).
Finally, dist(z, (1)) < Ldist(0, ®(z,4)) < L||/d|| < LL'8(u, it). That concludes the proof. O

The following proposition gives a family of pay-off functions 6" such that assumption (37) holds.

Proposition 5.3: Let u € U and z € Q(u). Suppose that there exists a constant r > 0 such that for
all players v, there exist two functions 6™ : B(x,r) — R and 6™ : B(x,r) x B(ii,r) — R such that
0V2 (-, u) is differentiable on B(X,r) for all u € B(ii, r) and for all x € B(x,r), for all u € B(ii,r), one
has

0" (x, u) = 0" (x) + 6" (x, u).

Assume Vw02, ¢” and Vv g" are locally Lipschitz on B(X,r) x B(it, r). Then, assumption (37) holds.

Proof: For a better understanding of this proof, we recall that T(z, u) has been defined in (33).
Forall (x, 1, u) € B(x,r) x R™ x B(u, ), for all players v, we have

LY (e, AV u) = 0" (x) 4+ 602 (e, u) +1 AV g (x, u) = L7 (x) + L™ (x, A, 1)

where L™ (x) := 8”1 (x) and L"2(x, A, 1) := 0"2(x, u) +' A"g" (x, u). By assumption, L”? is C? on
B(x,r) x R™ x B(u,r); thus, we have, for all (z,u) = (x, A, u) € B(x,r) x R™ x B(u,):

T(z,u) = @ LY (6!, x™1) + VaL2 (L x LA w) x - x
(B L2 (P, x7P) + Vo LP2 (P, x 7P, A2, )
=T'(x) + T?(x, 1, 1)
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with
THx) := da LM (xh a7 x - X 3 LP (P, x7P)
and
Vlel’z(xl,x_l,kl,u)
Tz(x, Au) = :
Ve LP2(xP, x P AP, u

Let the set-valued mapping ®!: B(x,7) x R™ = R and the single-valued map @2 : B(X, 1) x
R™ x B(u,r) — R""™ be defined, for all (z,u) = (x, A, u) € B(x,r) x R™ x B(u,r), by:

T%(z, u)
min{Al, —g(x! x7 u)}
®l(z) := T (x) x {0™} and  ®%*(z,u) =

min{\?, —gf;(xp, x P u))

We observe that
O (z,u) = Dl(z) + D% (z, u).
Since Vw62, gV and V,vg" arelocally Lipschitz on B(x, r) x B(u, r), we deduce that P2 is locally
Lipschitz around (z, ).

Therefore, there exist r/,L > 0 such that ' < r and for all z € B(z,r), for all u € B(i, 1),
®%(z,u) € ®*(z, ) + B(0, L8 (u, ). Adding ®!(z), we finally obtain that

®(z,u) C D(z, ) + B0, L8 (u, 1))

O
We can directly deduce a result of calmness for the KKT system associated with the GNEP.

Proposition 5.4: Let i € U and z € Q2 (u). Suppose that the assumptions of Theorem 4.3 or the as-
sumptions of Theorem 4.4 are satisfied at z for the unperturbated game G (1) = ((6V (-, 1))y, (g¥ (-, 1)) y).
Suppose moreover that assumption (37) is satisfied at (u, z). Then, there exist constants e,r,L > 0 such
that, for all u € B(u, €), one has:

Q(u) N B(z,r) C Q(u) 4+ B(0,L5(u, u)). (38)

Proof: From Theorems 4.3 and 4.4, ® is metrically subregular at (z,0); then, Assumption 1 in
Proposition 5.2 holds. Since Assumption (37) is satisfied at (i1, z), we deduce from Proposition 5.2
that Q2 is calm at (u, z). O

A natural question is to ask if the result of calmness of the KKT system implies the calmness of the
primal problem. The next proposition gives an answer to this question under the assumption that
Slater condition is satisfied.

Proposition 5.5: Let t € U and x € S(u) be such that for any L € A(X, i), there exist constants
r,e >0, L > 0such that, for allu € B(u, ¢),

Q(u) NB(z,r) C Q(u) + B0, L5 (u, 1)),

with Z = (X, ). Moreover, we suppose that the functions 8" are locally Lipschitz on R" x U and for
every player v € {1,...,p}, there exists an element y* such that

g'0".x ", u) <0.
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Then, there exist constants ', &' > 0, L' > 0 such that, for allu € B(u, &’),
S(u) N B&, ') C S@) + B0, L'8 (u, 7).

Proof: We first observe thatif S is not calm at the point (i1, X), then there exists a sequence (i, x,,), €
dist(x,, S(w))

8 (un > 11) N
Therefore, if we show that for any sequence (uy,, x,)n € Gr(S)N such that (4, x,) — (i1, %) and u,, #
dist(x,,, S(i1)) >

k

8 (unk > 11)

Gr(S)N such that (up, x,) — (@, %), uy # u for any integer n and lim,_, | o

u for any integer #, there exists a subsequence (uy,, X, ) such that the sequence (

is bounded; then, S is calm at (&, x). That is the idea of the proof.

Let (t4y, xp)n € Gr(S)N be such that (u,,x,) — (#,%) and u, # u for any integer n. For every
n e N, leth, € A(xy, u,). We show that the sequence (1,), is bounded. Suppose that (A,), is not
a bounded sequence. Then, there exists a subsequence (A, ) and a player v € {1,...,p} such that
limk—>+oo||)\zk | = +oo.

Since (x4, Any) € 2 (u4p), one has
- - T
0e axUQV(ka)xnkV) u"k) +]x”gv(xzk’xnku’ u”k) )‘Zk’
and there exists an element vzk € 0w0” (x;k, x;k”, Uy, ) such that
"y + T v(xv x V. u )T)\U -0
nje x g ng> ng > Mk ne

Since the function 6" is locally Lipschitz by assumption, the sequence (v, )i is bounded; thus,
v
limk_>+oo% = 0. Dividing by |2, || in the above equality, and taking a subsequence such that
A
nkl

v
I, 1

the sequence ( ) converges to an element A", we obtain
I

Jog &, %", A =0. (39)

Leti ¢ AY(x) sinceg} (¥, u) < 0and g} is continuous at x; for all / large enough, one has g’ (x”kz > Uy, ) <
0; thus, A}, = 0, and by passing at the limit, 1Y = 0. Therefore, equality (39) becomes
My

> Vgl & =0,
icAY (%)

with )_»}’ > 0, foralli € AV (x), since )‘:‘),nk >O0foralli € A¥(x)and € N.

By assumption, the Slater constraint qualification holds for player v; thus, the Mangasarian-
Fromovitz constraint qualification holds at X" for player v because g"(-,x~ ", #) is a convex function
(see e.g. [18]). Therefore, the above equality implies that )_L}’ =0, foralli € AY(X), which implies that
A = 0. That is a contradiction with the equality A" = 1. We conclude that the sequence (A,),, is
bounded.

Take a subsequence (A, )x converging to an element A. Since by Lemma 5.1  has a closed graph
and (upy, Xy Any) € Gr(2), we deduce that (x, 1) € Q(i). By assumption, there exist constants
r,& > 0, L > 0 such that, for all u € B(i1, &),

Q(u) N B((x, 1), 1) C (&) + B(0, L8 (u, i)).
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Since uy,, € B(u, ¢) and (xp;, Ay,) € B((%, 1), 7) forall k large enough, we have

dist((xp; > Ay )> 2(i1)) <1
8 (thpy.» 1) -

Let (x,2) € R" x R™ and (p1, p2) € (1) be such that
dist((x, 1), Q@) = [[(x, A) — (p1,p2) |-
Since p; € S(u), we have:

dist(x, S(w)) < |lx — p1ll

= | ) G —prp)?
k=1

< DGk —p*+ Y Ok — pak)?
\ k=1 k=1

=16, 1) = (o1, p2) |

= dist((x, 1), 2(i1)).

Therefore, for all k large enough, we have

dist(y, S@) _

>

S(unk: le) -
which proves that the sequence <w> is bounded, and implies the calmness of S at
Ylk! k
(4, x). O

6. A generic example with a family of two-player games

In this section, we consider a two-player game. We suppose that the players 1 and 2 manage loss
functions 6! : R? — R and 6% : R? — R which have the following form:

0l(x!, ) = 6% (x) + 012 (x, x2), 02(x, 2%) = 621 (x) + 622 (x, x2)
where for each player v € {1,2}, 6"! : R — R is a convex and piecewise C? function and 6" :
R? — R s a convex and C? function.
We suppose that the constraint set-valued mappings of the players are given by

X'H='eRl0<x' <M, gx!,x*) <0}

X = eR0<x* <M, gx',x%) <0},

which implies that each player solves the optimization problem:

Player 1: milnel’l(xl) + 022 (1, x%) subject to 0 < xl < M! andg(xl,xz) <0
X

Player 2: mgn 0% (x?) + 6% (x1, x%) subject to 0 < x? < M? andg(xl,xz) <0.
X



1846 M. MARECHAL AND R. CORREA

This family of two-player games covers the Cournot duopoly games (which is a Cournot oligopoly
game with two firms). Actually, if 9”!(x") = C,(x"), where C, is the cost function of firm v, and
02 (x",x7") = —x"p (Zi:l x“), where p is the unit price function, then we obtain an Cournot
duopoly game. The function g can represent a limitation of resources to which each firm is subjected.
For more information about the Cournot oligopoly games, see e.g. [11-13]. In [14], the authors use
the same tools of variational analysis and generalized differentiation as us in order to derive optimality
conditions for some related problems on Cournot-Nash equilibrium.

We suppose that g is a symmetric function in the following sense: for all (x1, x3) € R2, g(x1,x2) =
g(x2,x1). This means that in the case of Cournot duopoly games, each firm is affected in the same
way by the limitation of resources and implies that

% (xl,xz) = % (xl,xz) . (40)

We suppose that for each player v € {1,2}, there exists a finite set D(v) such that "! is C? on

R\ D(v). For more clarity in what follows, we introduce the notation D(v) = {a} | i = 1,...,4"},

bP” = (0" (a)7) and b = (0™ (a]T), where for a convex function f : R — R, f/(x™) (resp.

f'(x7)) means limy,_, g+f'(x + h) (resp. lim,_,o-f'(x + h)). We can observe that if X € D(v), then
90" (x) = [b)"",b)" | where i € {1,...,q"} satisfies X" = a.

For each player v € {1,2}, for each i € {1,...,4"}, we introduce the notation dlﬁ (resp. d; ™)

defined as follows
d't = lim (0")(a! +h) (resp.d” = lim (0")"(a} +h))
h—o0t h—0—

We define the functions

—xl —x2
gl(x) — xl _ Ml , gZ(x) — X2 _ MZ ,
g(x) g(x)

and
Q) =—x' p) =x"' =M, ) =g(x), @) = —x% &) = x> = M?, gs(x) = g(x).
Each player solves the following optimization program

Player 1: m{n@l’l(xl) + Gl’z(xl,xz) subject to gl(x) <0
X

Player 2: min 6% (x?) + 6% (x!, x%) subject to g*(x) < 0
X
We define F : R2 = R? as in (16), G : R? x R® — R% asin (17), ® : R? x R® = R? x R® as
in (4).
Let us define the set-valued mapping F; : R> = R? by
Fi(x) = 30" (x") x 36> (x?)

and the function F; : R? — R? by

(!, x%)

992 1 2
o (%7, x%)
Fz(x) - (3()9}%12
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Observe that F = F; + F,. The following lemma gives a calculus rule for D*F, (x[y)(y*) for an
arbitrary x.

Lemma6.1: Letx € R? and y € Fy(x). We have

D*Fi X)) (%) = &7 y™h x EEL 7%y

where for any v € {1,2}, ¢"(x",y",y*") is defined as follows: suppose x* € D(v), leti € {1,...,q"}
such that X" = a}; then,

Y if b)” <yV <b't and y* #£0

) R 1f y*v _UO
vev s ey _ ) LAy ool if Y =6 and y"* >0
c(xNyLyt) = {dly—y*,V} if )_/V _ b;}— and y"* <0

l—oo,d/Ty™] if ' =b"  and y"* <0
{dtyy if =06t and y* >0

IFR" ¢ D(v), then " (&, 5", y") = ((0¥1)" &)y™).
Proof: See Appendix 1. O
The following proposition gives sufficient conditions for the metric regularity of ® for this two-

player game when the constraint g(x) < 0 is not active. First, we introduce the following notations:
for an arbitrary X € R? feasible point for GNEP, we write the matrix JF, @) " as

— Ey Ep
&) =E=
JF> (%) <E21E22>

and also define E1 = (E]l, Elz) and E2 = (E21, Ezz).
Observe that if 0 < X' < M', 0 < %% < M? and g(¥) < 0, then X is a solution of GNEP if and only if
0 € F; (%) +F,(X), which means that — V1012 (x!,%?) € 901 (x!) and —V,26%%(x!, ¥%) € 960> (x%).
In the case where X' = a! withi € {1,...,g'} (resp. ¥* = ajz withj € {1,...,4%}), this implies that
bl < —Va02&xLx?) < bl (resp. bjz_ < —V.0%2 &L %) < bj2+). For each player v, we define
d as follows:
*Ifx" ¢ D(v), thend” = (V)" (x")
* If X" € D(v), " = al withi € {I,...,q"} and b}~ < —Va02(x",x") < b/, then
d’ = 4o0.
xIfx" € D(v),x" = al withi € {1,...,q"}and b)™ = —V,.0"?(x",x"), thend” = d;".
*Ifx” € D(v),x" = al withi € {1,...,¢"} and =V, 02 (x",x") = b}, thend’ = d!'*.
Proposition 6.2: Let x be a solution of GNEP with 0 < X; < M; and 0 < X, < M, and g(x) < 0.
Suppose that ' ¢ D(1) orx* ¢ D(2). IfEyy +d' # 0, By +d* # 0, (E1y + d)(Eaz +d?) > EizEay,
then ® is metrically regular at (x, Og).
Proof: 1tis a direct consequence of Proposition A.1 given in the Appendix 1. O
The following proposition gives a suﬂiaent condition in the case where g(x) = 0. For (X, X €
R2 x R, we use the notations B = ax £ (%) = g (x) and

_ _ - E E
E=JKH®'  +J,6x1 = ( E; EZ) :

For a better understanding, in the following proposition when (x, 1) is a solution of the KKT
system associated with GNEP and 0 < X! < M!, 0 < ¥* < M?, g(%) = 0, we denote by Al the
Lagrange multiplier associated with the constraint g3(X) = 0, and by A? the Lagrange multiplier
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associated with the constraint go(x) = 0. Therefore, since the other constraints are not active, we
have A = (0,0,A%,0,0,1%), —V,10%2(x) — BA! € 36011 (%) and —V 20%%(%) — BA? € 30> (X). For
each player v, we define d¥ as follows:

*Ifx" ¢ D(v), thend” = (8V)"(x")

*Ifx” € D(v), %" = al withi € {1,...,¢"} and b]” < —Va0"2(x",x") — BXY < b}, then

d¥ = +o0.

*Ifx" € D(v),x" = al withi € {1,...,q"}and b!™ = —V,.0"*(x",x")—BA", thend” = d!".

*Ifx” € D(v),x" = al withi € {1,...,¢q"}and —V10"?(x",x")—BA" = b:-’Jr,then d’ = d;’+.

The next proposition gives a sufficient condition for metric subregularity of ® at z = (x, A); just

to precise, when (x, 1) is in a neighbourhood of (%, 1), we have:

3,101 (x) x 8,20%(x) + G(x, 1)
Al
A2
D(x,A) = min{—g(x), A3}
Ag
As
min{—g(x), As}

Proposition 6.3: Let x be a solution of GNEP with 0 < X1 < M) and 0 < X < M and g(x) = 0.
Let (0,0,11,0,0,1%) € A(X) be Lagrange multipliers associated with the solution X of GNEP. We
suppose that B # 0. If one of the following assumptions holds, then ® is metrically subregular at
(%,0,0,11,0,0,12,0).

(1) %' ¢ D), A' >0and Ey; + d* > Ep.
(2) x*¢ D), r*>0andE;; +d' > Ey

Proof: It is a direct consequence of Proposition A.2 given in Appendix 1. O

We apply these results to a Cournot game with two firms. In this Cournot game, each firm solves
the following GNEP:

Firm 1: miln akxl — xlp(x1 +x%) subject to 0 < X < M! andg(xl,xz) <0
X

Firm 2: n}gn o (x?) — xzp(x1 +x?) subject to 0 < x? < M? andg(xl,xz) <0.
We suppose that the price function p is defined as the inverse of a linear demand curve:
p(y) = max (@ — By, 0)
and the function g(x!, x?) is the restriction of resources defined as
g(xl,xz) = M(x1 +x2) -M

where M is the quantity of available resources and 11y is the quantity of resources needed for producing
quantity y. Naturally, we suppose that «, 8, u, M > 0. Moreover, we suppose that % < %, which
ensures that p is differentiable at x* + x? if g(f1 +x%) <0.

Using the same notation as before, we have

12y (0aG) = x'p (e 4+ 2% = p(e! 4+ xP)
o) = (acz(xl) — /(! +22) = p(x +32) )
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We suppose that the functions ¢; are convex, which implies that the functions x; > ¢;(x’) — x'p(x! +
x?),i € {1,2}, are convex.

Theorem 6.4:  Let X be a solution of the Cournot game which satisfies 0 < x < M'and 0 < x* < M?
and & 1= (Xj)ief1,....6) a vector of associated Lagrange multipliers. Suppose that p/(J_El +%%) < 0and

PG+ F) < 0. X" ¢ D(1) and —g(®) + 43 > 0, or & ¢ D(2) and —g(®) + i > 0, then B is
metrically subregular at (0, z), where z = (X, A).

Proof: We first prove the case where g(¥) < 0. We write F(x!, x?) = F;(x!,x?) + F2(x', x*) where
Fi(x!, %% = 3c1(x1) x dcz2(x?) and

x4+ x2) — p(x! + X2
o= (S TR TR

LetE = ]F;— (%) and (d', d?) are defined in the same way than it has been defined before Proposition
6.2. Observe that d* > 0 and d > 0 because ¢; and ¢, are convex functions. By Proposition 6.2, if
(d1 + E11)(da + Exz) > E12Ez), then @ is metrically subregular at (0, z). Actually, we have

_ (28 B
E‘(ﬂ 2/3)
then

(di + En)(dy + Ex) — E1nEar = (di +2B)(d2 +2B) — B°
= dydy + 28(dy + dy) + 38>
>0

We now consider the case where g(x) = 0. In this case, we suppose without loss of generality that

x! ¢ D(1) and A3 > 0. By Proposition 6.3, it is sufficient to prove that Ey; + d* > E;;, where E is
given by E = JF, @) " +J:G(x A) " and (d', d?) is defined as before Proposition 6.3. Since

g T =
N A (l/«)_%)
et = <337g2(x)):6 RN

one has )

J,G(x,A) = 0.
Finally:

2B B
E =
(%4)
Then, we have
Ep+d —Ey=p+d >0

Therefore, ® is metrically subregular at (x, 0,0, i3, 0,0, )_\6). O

We can observe that these propositions do not consider the case where x' € D(1) and > € D(2).
Actually, in this case, the sufficient conditions of Theorems 4.3 and 4.4 are not satisfied.

7. Conclusion

In this article, we have studied the metric subregularity and the stability in GNEP with non-smooth
loss functions. In order to achieve this goal, we have used the coderivative criterion of Mordukhovich
which characterizes the metric regularity of set-valued mapping. Nevertheless, the conclusion of
Theorem 4.4 is that ® is metrically subregular and not metrically regular (in Example 4.5, we show
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that the hypotheses of Theorem 4.4 do not ensure the metric regularity of ®). This illustrates that
the assumptions of Theorem 4.4 are not so strong. Moreover, despite the fact that the adapted tool
for metric subregularity is the outer-coderivative (see e.g. [19]), we can prove that if one or more
constraints are not active, the coderivative of ® is equal to the outer-coderivative of ®, which proves
that making the assumptions of Theorems 4.3 and 4.4 weaker will not be easy.

At the same time, in Section 6, we could not apply Theorems 4.3 or 4.4 when %! € D(1) and
¥* € D(2), while in many of these cases, ® is metrically regular or subregular. This is a limit in the
potential application of these theorems, thus replacing the coderivative D*F with another tool of

nonsmooth analysis in order that Theorems 4.3 and 4.4 can be applied in the case when X' € D(1)

and X% € D(2) could be a possible extension of this work. Another natural extension of this work

would be to consider the case where the strict complementarity assumption is violated.
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Appendix 1.
In this Appendix 1, we use the same notation as in Section 6.

Proof of Lemma 6.1:  We first observe that Gr(F;) = {(x',x%,y', %) | (x!, y', x%,y%) € Gr(30"!) x Gr(36>!)} and
deduce that D*F) (x|y)(y*) = D*(361) (! |)71)(y*’1) X D*(892’1)(22|j/2)(y*'2). We only compute D*(361) (x! |)71)
(y*) since D*(96>1)(x*3?)(y*?) can be computed in the same way.
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Ifx! ¢ D(1), 6% is C? at X', then D*(30"1) (%! |)71)(y*’1) = {(91'1)/’@1))}*'1} by Proposition 3.1. We now suppose
that ! € D(1). Leti € {1,...,q"} such that X" = a;.

Since 901 (x”) = [b} 7, b/ ], we have b}~ < ! < b/*. We consider three cases.
Case 1: b}~ <" < b}’+. In this case, N ((x%, 71), Gr(3611)) = R x {0}, then D*(30 ) x! [pH) (y*!) = B if y*! # 0
and D*(30PH) & FH () = Rify*! = 0.
Case 2: 7" = b/ ™. We can observe that

NL(®E, 7Y, Gr(96M)) = R x {0} UR@! ™, —1) U (R+(1,0) +R,(d, —1)) .

From this description of N ((El,)_/l), Gr(30"1)), we can deduce the expression of D* CLESES |)71)(y*’1).
Case3: )" = b,”. This case can be treated the same way as case 2. (]

Proposition A.1:  Let X a solution of GNEP with 0 < X1 < Mj and 0 < X < M, and g(x) < 0. If one of the
) . . En En
ollowing assumptions holds, with E =

f g P Ey Ex

) = JE,(X) T, then @ is metrically regular around (%, 06, 0), where
06 = (0,0,0,0,0,0).
1 - ) e 0
(1) x'¢ D(Q1),x* ¢ D(2) and the matrix E + ( 0 621y @)

(2 x =al,withiel{l,...,q'}, ¥ ¢ D), b, < —=Va0"2&, %) < b and (021)" (%) + Exs # 0.

i

(3) X =al,withie{l,...,q'}, ¥ ¢ DQ),b;~ = —Vu02(x", %), (62")"(%?) + Exp # 0 and

) is nonsingular.

E12Ex

1—
Ey+d;” > 7&2 6D

(4) x =al, withie(l,...,q'},x* ¢ DQ2),b!T = V.02 (&, %%), (02))'(X*) + Exp # 0 and

EnE
E11+dil+ > 12421 -
Ex + (621" (x%)
(5) % ¢D1), X =a withiell,...,¢?

g*) b7 < —V,2022@LF2) < bP and (0M)"(®Y) + En # 0.
(6) x'¢ D), ¥ =al,withie(l,...,q

b b;
LT = =V 3L 72, (01 (7)) + En # 0and

1

E12E

2—
Ep +d;™ > 7}311 PTIYTEY

(7) x ¢ DQ), % =a} withie(1,...,q%), b7T = V022 (&, %), 0" &) + Ey # 0and

Ept 2t > EpnEy
! Ey 4 01)'&h

®) x =a), ¥ =a,withiy € {1,...,q" andir € (1,...,¢*}, bj" = —V,.10"2 @, %), b = —V.022 (%),

di* + En #0,d" + Ey # 0and
(" +En)(d. + Ex) > BB

Proof: 'We will prove items 1-3; the other items can be proved the same way. We use the sufficient condition of
Theorem 4.3. We can observe that A = ¢}, where A = A(x) has been defined in (11). Since A = 0, the assumption of
Theorem 4.3 can be written as

Il
o

0!, -V &L %%,y + Epy* N
0 € AF, —V20*2 (&L 72, y5?) + Eby*

Then, we consider a vector y* which satisfies
0ec @, -V @, %), y") + Eiy*, 0 € (&, — V0 (&', %), y"%) + Eoy*

and prove that y* = 0 in each case.
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Case where assumption 1 is satisfied: In this case, using Lemma 6.1, we obtain that

(91,1)//(}1) 0 y*,l _ 0
(54 (0 @) () = (o)

By assumption, the above matrix is non-singular, which implies that y* = 0.

Case where assumption 2 is satisfied: Since ¢! (X', —V,101%(%),y*!) # ¢ and bil* < =V ELEY) < hiH, by
Lemma 6.1, we have ,y*! = 0; then, the second equation becomes ©*YH' ) + E)y*? = 0 which implies that
y*% = 0since (0>1)(X?) 4 Ex # 0.

Case where assumption 3 is satisfied: In the same way as the previous case, y*! = 0 = y*? = 0. We suppose that
y*! < 0; then, by Lemma 6.1, we have ¢! (&', =V,1012(®), y*!) = {d~y*'}; thus, we obtain

d= 0 «_ (0
(E+( 0 (92’1)”@2))))} - <0>

En+dj~ Epn
Eyn  En+ @' &)

, which contradicts y*! < 0.

This matrix, which can be written as ( ), is non-singular by the assumption E;; + di1 >

_ BoBa
Ex + (02" ()

We now suppose that y*! > 0. In this case, by Lemma 6.1, we have ¢! (%}, —=V,1012(%), y*!) = [dil_y*’l, +ool.
Thus, the system

{ 0€c @, =V, y*!) + Ery*
(62’1)”(§2)y*’2 JrEzy* =0
can be written as
d}j}""1 +Ey <0
{ (92,1)//(22))}*,2 +E2y* =0

EnEyn

- >0.We have
Ex + (021" (x%)

Consider m = Ej; + dil*

Epp

—(Ey, E 921 " =2 .0
E22+(021)//(§2)( 21, B2 + (077)7(x%)) + (m, 0)

(E11 +d! 7, Epn) =
which implies that

*,1
diy* 4 Eiy* = (B +dl 7, Ep) (iu)
_Be
Ex + (‘921)”(f2)

Epa

T En+ @)@ (0*1)" G)y™ + Eay™) + my™!
— my*,l

>0

}/*’1 y*,l
(Ea1, Eaa + (621 (®) ( y*,2) + (m,0) (y*,z)

because m > 0 and y*’l > 0. That contradicts dilfy""1 + E;y* < 0. Finally, we have y*’l = 0; then, y*’z =0.

The cases where assumptions 4-7 are satisfied can be treated the same way. By Theorem 4.3, ® is metrically regular
around (X, Og, 0).
Proposition A.2:  Let x be a solution of GNEP with 0 < X; < M;j and 0 < X < M, and g(x) = 0. Let
(0,0,21,0,0,A%) € A(X) be Lagrange multipliers associated with the solution X of GNEP. We suppose that B # 0.
En Enn

Ey E =JF®) " +1.GE L) then ® is metrically subregular

If one of the following assumptions holds, with E = <
at (x,0,0,1,0,0,22,0).

(1) x' ¢ DQ), % ¢ DQ), A! > 0and E;; + (011" (%) # Eay, or, A2 > 0 and Exy + (021" (%) # Era.
(2 x =al,withie{l,...,q'}, ¥ ¢ D), A> >0and b}~ < —V.0"2x, %) — BA! < b} .

() x¢DO),F=al withie(l,...,?} A >0and b}~ < —V,0*2 (%, x%) — BA? < b7

(4) x =al, withie(l,...,q'},x* ¢ D2),A* >0,b]" = -V, (x',x*) — X'Band

En +di17 > By
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(5) ® =al,withie{l,...,q'}, ¥ ¢ D2), x> >0, b}T = —V,.0"2x,%*) — A'Band
Ey + di1+ > Ey;
(6) ' ¢D1),x*=a}withie(l,...,q*} A' >0, 07" = —V,0227,%%) — A>B and

Ep +d>” > Ep

i
(7) % ¢ D), =a}withie{l,...,q*} A' >0, 07" = —V,.6227,%%) — A>B and
Ep + d,-z TS Ep
Proof: We use Theorem 5.2. The set Q(x) defined in (26) is equal to
Q) = {{3}, {6}};
then, the assumption of Theorem 4.4 can be written as

0ec' @, —Va62®) — A'B,y*!) + Ery* + Bz*
0 € 2%, —V20%2(X) — M*B,y*?) + Eyy* + Bz* = y* =0,2* =0 (A1)
By*’ﬂ("‘) -0

where & € Q(X) satisfies 1o > 0,and B(a) = 1 ifa = {3}, B(«) = 2 if &« = {6}. We now prove items 1, 2 and 4.

(1) IfEqy 4 (0')"(%%) # Ez1 and A% > 0, then we choose & = {6}. The equality By = 0 implies y*? = 0 since
B # 0. The system in (A1) can be written as

Ell + (91,1)//(§1) B y*,l _ 0
E21 B z* —\o0

The assumption Ejj + (811)” (%%) # Eay implies that the above matrix is non-singular, so y*’l =z¥=0.

If E1p 4 ()" (%) = Ea1, then Ex + (§21)(X2) # E1p and &' > 0; then, we can prove item 1 the same way
as before considering o = {4}.

(2) In this case, we consider & = {6}. Since By*’2 = 0, we have y*’2 = 0. Since ¢! (¥, -V o2 (x) — MB,y*’l) #0
and b,lf < —V,10"2(%) — 2B < b} T, we deduce by Lemma 6.1 that y**! = 0. Finally, we have Bz* = 0 which
implies that z* = 0.

(3) This case can be proved the same way as the previous case.

(4) In this case, we take @ = {6}. Since By*’2 = 0, we have y*’2 = 0. Since —Vxlel’z(f) —MB= bil_, by (Al), we
have

: 0e fkll(yl’bill’y*,l) + Ell}/*’l + Bz* (AZ)

E21,'V 4+ Bz* =0

If y»1 = 0, then z* = 0 since B # 0. If y*! < 0, by Lemma 6.1, the system (A2) can be written as

En+d = B\ [yt _ (0
E21 B z* —\o

The assumption Ej; + dilf > Ej) implies that the above matrix is non-singular; then, y*! = 0, which is a
contradiction with y*! < 0. We now suppose that y*! > 0. In this case, by Lemma 6.1, the system (A2) can be
written as

0e [dil*y*’l,+c>o[+E12y*’l + Bz*
Ezly*’1 + Bz* =0

which implies that

dil_y*’l +Eny® +Bz* <0
Eny®' +Bz" =0
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Define m = Eq; + dil_ — E1 > 0; we have (Eqp + dil_,B) = (Ey1, B) + (m, 0); then,

*,1
d;"y"! + Euy™ + BZ" = (Evi +d; 7, B) (yZ* )

*,1

= (E21,B) (yz; ) + my™!

> Eyy*! + Bz* since m > 0 and y™! > 0
= 0.

We deduce a contradiction with dil “y*! + Ejpy*! + Bz* < 0, which implies that y*! = 0.

Cases 5,6 and 7 can be deduced the same way; then, by Theorem 4.4, ® is metrically subregular at (%, 0,0, A1, 0,0, A2, 0).
O
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